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Abstract 

Let X be the Cantor set and <^ be a minimal homeomorphism on X x T. We show that the 
crossed product C*-algebra C*{X x T, tp) is a simple AT-algebra provided that the associated 
cocycle takes its values in rotations on T. Given two minimal systems {X x T, (p) and 
(Y X T, Tp) such that if and ^l) arise from cocycles with values in isometric homeomorphisms 
on T, we show that two systems are approximately -fC-conjugate when they have the same 
if-theoretical information. 

1 Introduction 

It has been known that the study of minimal topological dynamical systems is related to the 
study of the associated simple crossed product C*-algebras. Indeed, J. Tomiyama |Toj proved 
that, if {X, a) and (Y, f5) are two topological transitive dynamical systems, then they are flip con- 
jugate if and only if there is an isomorphism between the crossed product C*-algebras which maps 
C{X) onto C{Y). With the development of the classification of simple amenable C*-algebras, it 
becomes possible to have some i^T-theoretical description of some interesting equivalence relation 
among minimal dynamical systems. In fact, Giordano, Putnam and Skau in |GPSj . in the case 
that X and Y are Cantor sets, among other things, showed that strong orbit equivalence can 
be determined by iC-theory of the dynamical systems. In |LMlj . we showed that, for Cantor 
minimal systems, the strong orbit equivalence is equivalent to the approximate i^-conjugate. 
Both results used the fact that the crossed product C*-algebras arising from Cantor minimal 
systems are simple AT-algebras with real rank zero. It seems that the notion of approximate 
iC-conjugacy is not only closely related to the above mentioned result of Tomiyama but also 
closely related to that of Giordano, Putnam and Skau. Moreover, it seems possible that, for more 
general spaces, at least in connection with C*-algebra theory, versions of approximate conju- 
gacy may be more interesting relations than that of conjugacy or even strong orbit equivalence. 
It seems also possible that, for example, approximate -ftT-conjugacy may be determined by the 
-fC-theoretical data of the dynamical systems in much more general situation. As a preliminary 
attempt, in |LM2j . we studied the minimal dynamical systems (Y,h), where Y = X x T. Since 
the Cantor set is totally disconnected and T is connected, h can be written as h = a x ip, where 
(7 is a minimal homeomorphism on X and ip^ is a homeomorphism on T for each x G X. We 
showed in |LM2j that iiT-theoretical data of the minimal systems determines the approximate 
i^-conjugacy in the case that h is rigid and ipx is a rotation for each x € X. 

In this paper, we first consider the case that h = a x ^ C{X,T)) which may not be 

rigid. We show that the crossed products have tracial rank no more than one. Consequently, 
they are simple ^T- algebras. One of problems related to the proof is to answer the following 
question: Let ui and U2 be two unitaries in a unital simple separable C*-algebra A with tracial 
rank no more than one. When are they approximately unitarily equivalent? In the case that A 
has tracial rank zero, it is known that ui and U2 are approximately unitarily equivalent if and 
only if [ui] = [U2] in Ki{A) and to f{ui) = to f{u2) for all continuous functions / G C{S^) and 
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all tracial states t £ A. Let CU{A) be the closure of the commutator subgroup of U{A). If ui 
and U2 are approximately unitarily equivalent, then ui = U2 in. U{A)/CU{A). In the case that 
TR{A) = 0, Uo{A)/CU{A) = {0}. However, when TR{A) = 1, this is no longer the case. We 
prove that in this case, ui and U2 are approximately unitarily equivalent if and only if [ui] = [U2] 
in Ki{A), T o f{ui) = T o f{u2) for all continuous functions / G C{S^) and all tracial states 
T e A, and u^ = u^ in U{A)/CU(A). 

The rest of this paper studies the problem when two minimal systems {X x T,a x cp) and 
(Y X T, (3 X ^p) are approximately i^-conjugate. Roughly speaking, these two systems are ap- 
proximately X-conjugate, if there are two sequences of homeomorphisms an '■ X x T ^ Y x T 
and 7n : X T ^ X X T such that 

lim 11/ o o a o - f o P\\ =0 and lim \\g o 'j^ o p o - g o a\\ =0 

for ah / G C{Y x T) and g G C{X x T), and and {7„} n give consistent information 

on i^T-theory. We will give a iiT-theoretical description of approximate iC-conjugacy in the case 
that ipx and are isometries on T. We will apply some results and methods in the theory of 
classification of simple amenable C* -algebras. 

It was shown in |LM2j that {X x T,a x ip) is rigid if and only if the corresponding crossed 
product has real rank zero. As an application of a result of N. C. Phillips, we present a proof 
that the crossed product in this case actually has tracial rank zero, whenever ip^ is an isometry 
on T for every x € X. Thus, simple crossed products coming from these minimal rigid systems 
are covered by the classification theorem of |Llj . This paves the way to have a X-theoretical 
description of approximate X-conjugacy for those minimal dynamical systems. 
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2 Preliminaries 

Definition 2.1. Let A be a unital (7*-algebra. The closure of the commutator group in U{A) 
win be denoted by CU{A). 

Definition 2.2. Let A and B be unital C*-algebras and h : A ^ B he a unital homomorphism. 
We win denote by /i" : U{A)/CU{A) U{B)/CU{B) the homomorphism induced by h. 

Definition 2.3. Let A be a stably finite C*-algebra. Denote by T{A) the tracial state space. 
We will denote by Aff(r(A)) the space of all (real) affine continuous functions on T{A). 
We will denote by : Aff(T(^)) AS{T{A)) the affine homomorphism induced by h. 

Definition 2.4. Let y be a compact metric space and let u £ B = Mi(C{Y)) be a unitary. We 
define 

Db{u) = min{||a|| : a G Bs,a. such that det(e*" • u) = 1}. 
UB = e^iM^(i)(y) and u G U{B), we define 

Db{u) = max{DM^^^^{c{Y)){u) : 1 < i < m}. 

Let B as above. If u G CU{B), then it is clear that Db{u) = 0. 
The following notation is taken from |EGj . 
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Definition 2.5. Let X and Y be two compact metric spaces and let ip : C{X) M^iY) 
be a homomorphism. For each y £ Y, define ^Py{f) : C{X) Mr by ^Py{f) = (p{f){y) for 
/ G C{X). Tliere are rank one projections ei, 62, • • • , e/ and xi, X2, ■ ■ ■ , xi £ X (l < r) such that 
fyif) — I^!=i fi^i)^i- Note that Xi may be repeated. Put SF (py = {xi,X2, ■ ■ ■ ,xi}. Again, we 
count multiplicity of each point in the spectrum. 

For any r] > and 6 > 0, a unital homomorphism if : C{X) Mr{Y) is said to have the 
property sdp(r/, 6) if for any ?7-ball 

0{x,rj) := {x G X : dist(x', X)<7]} CX 

and any point y €Y, 

#{SF^ynO{x,r^))>5-#{SFpy), 

counting multiplicity. 

IfB = e™iiV4(i)(C([0,l])), let TTi-.B^ M^(i)(C([0,l])), i = 1,2, ...,m. We say a homomor- 
phism If : C{X) — > B has the property sdp(r/, 5), if vTj o has the property sdp(?7,(5) for each 
i. 

Throughout this paper, X and Y will be the Cantor set. For a € Homeo(X) we denote the 
set of a- invariant probability measures on X by Ma- 

Let a : X ^ X he a homeomorphism and ip : X ^ Homeo(T) be a continuous map. By 
ax if we mean the homeomorphism on X x T defined by (x, t) {c({x), ipx{t))- It is easily seen 
that every homeomorphism on X x T is of this form (see |LM2| Lemma 2.1]). The continuous 
map (p is called a cocycle. Moreover, if a x (/? is minimal, then a is also minimal, that is, (X, a) 
is a Cantor minimal system. Define a continuous map o{ip) : X ^ Z2 by 

jo V'x is orientation preserving 
o{ip){x) = < 

I 1 otherwise. 

We say a x 99 is orientation preserving when o{(p) vanishes in the Z2-values cohomology group 

C7(X, Z2)/{/ - / o : / G C(X, Z2)}. 

Note that this group is canonically identified with K^[X^a) ® Z2. 

Let F : X xT ^ X he the projection to the first coordinate. Then F is a factor map from 
{X X T, a X (/?) to {X, a). We say that a x ip \s rigid when F induces an isomorphism between 
the spaces of invariant probability measures (see Definition 3.1 and Corollary 3.11 of |LM2j ). 

We denote the set of isometric homeomorphisms on T by Isom(T). The group Isom(T) 
consists of the reflection and rotations. For t E T we write the translation s 1— > s + t on T by 
Rt- When ^ : X — > T is a continuous map, X 3 x ^i{x) is a cocycle. We denote this by R^. 

Let a X (p he a minimal homeomorphism on X x T and let A = C*{X x T, a x ip). Then A 
is a unital simple C*-algebra. We will use ja ■ C{X xT) ^ A for the embedding whenever it is 
convenient. 

Let M S ^ be the implementing unitary. For x £ X, let Ax he the C*-subalgebra generated 
by C{X X T) and uCo{{X \ {x}) x T). By |LM2l Proposition 3.3], A^ is known to be a unital 
simple algebra and the tracial state space T{Ax) coincides with T{A). Besides, A^ has real 
rank zero if and only if a x (/? is rigid. We also remark that A^ H C*{X, a) is a unital simple AF 
algebra (see |Puj ). 
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3 Approximate unitary equivalence of unitaries 

The following is quoted from [ECirLj . 

Lemma 3.1 ( [EGLl Theorem 2.11]). Let F C C(T) be a finite subset and e > 0. There exists 
r/i > with the property described as follows. 

For any 5i > 0, there exist a positive integer K and a number r]2 > such that for any 
62 > 0, there exist a finite subset H C C(T)s.a. o,nd a positive integer N satisfying the following 
condition. 

if ip,ip : C(T) — > B, where B = ©JL;^M^(j)(C([0, 1])) are two unital homomorphisms such 
that 

(1) If has the property sdp{r]i/ 32, 5i) and sdp{r]2/32, 62); 

(2) |r o ip{f) -TO < ^2/4 for all f eH and all r G T{B); 

(3) r(i)>iV, j = l,2,...,m; 

(4) D{^{z)^P{zY) < 1/8K, 

then there exists a unitary w £ B such that 

Mf)-u*ij{f)u\\<e 

for all f eF. 

Remark 3.2. Note that Ki{B) = {0}. So the condition (5) in Theorem 2.11 of pUL] that 
= ip*! is not needed. In Theorem 2.11 of lECxLj . in this case, B = Mr{C{[0, 1]) is a single 

summand and (3) should be replaced by r > A'^. It is obvious that it works for finitely many 

summands as long as r(j) > N for all j = 1, 2, . . . , m. 

We actually use a very special case of Theorem 2.11 of |EGLj . A shorter proof could be 

given here. In fact a version of this could be found in |NTj . We quote Theorem 2.11 of lECicLj 

for the convenience. 

Let A be a unital C*-algebra and let ip : C(T) ^ ^ be a unital completely positive map. 
For a subset C C(T) \ {0} and a map T = N x K : ^ N x R+, we say that ip is T-J^-full, 
if the following holds: for every a £ there exist xi,X2, ■ ■ ■ , xjv(a) ^ ^ such that 

Nia) 

Xi<fia)xi = 1 

i=l 

and ||xj|| < K{a) for alH = 1, 2, . . . , N{a). We say a unitary u G ^4 is T-.F-full, if the homomor- 
phism / 1-^ f{u) is T-J^-full. 

Lemma 3.3. Let A be a unital simple C* -algebra and let u £ A be a unitary. Let r/ > 0. Suppose 
that {^1, (^2) •••) Cm} rj/128-dense subset 0/ T, and that gi G C(T) satisfies < < 1, 

gi{t) = 1 if t £ 0{Ci,r]/512) and gi{t) = if t £ T \ 0(Cj, r//256). Suppose also that there are 
Xij G A such that 

mil) 

\\Yx*jgi{u)xi^j - Ia\\ < 1/4, i = 1,2, . . . ,m. 
Then, for any e > 0, there are a finite subset Q <Z A and 7 > satisfying the following: 
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if L : A ^ B = ©^iMr(fc)(C([0, 1])) is a unital Q-^ -multiplicative completely positive linear 
map then there exists : C(T) — > B such that 

\\ip(z)-L{u)\\<e 

and if has sdp(r//64, 5) property, where 5 = l/max{m(i) :l<i< m}. 

Proof. Since C(T) is semiprojective, for the finite subset J- = {§{ : i = 1,2, m}U{z} and e > 0, 
there exist a finite subset Gi C C(T) and 7 > such that, for any unital ^1-7-multiphcative 
completely positive linear map L : C{T) B, (where B is any C*-algebra) there exists a unital 
homomorphism (p : C(T) — > B for which 

||^(/)-L(/)||<e/2 

for all f £ !F. Therefore, with a sufficiently large finite subset Q containing rcjj's, gi{uys and Qi 
and sufficiently small 7, one has 

m(i) 

II L{xi^j)*^{gi)L{xij) -Ib\\< 1/2. 

For each x G T, there is Ci such that 0(x,7y/64) D 0(Ci, ??/128). It is then easy to check that ip 
has the property sdp(r//32, (5), where 5 = 1/ max{m(i) : i = 1,2, . . . ,m}. □ 

Lemma 3.4. Let A he a unital stably finite simple C* -algebra and let J-\,J-2 C ^1+ be finite 
subsets. Let 1/2 > 71 > 0. Suppose that there exists a map tx : T\ ^ T2 such that 

|r(a) -r(7r(a))| < 71/8 

for all T € T{A). Then there exist 6 > and a finite subset Q C A satisfying the following: 

if L : A ^ B, where B is a unital C* -algebra with stable rank one, is a unital Q-5- 
multiplicative completely positive linear map, then 

|T'(L(a))-r'(L(vr(a)))| <7i 
for each a £ J-i and all r' G T{B). 

Proof. It follows from |(]Pj that, for each a £ J^i, there are xi (a), 2:2(0), . . . ,Xn(a){ci') G ^ such 
that 

n(o) n{a) 
II ^(xfc(a))*Xfc(a) - a|| < 7i/4 and || Yxk{a){xk{a))* - 7r(a)|| < 7i/4. 

k=l k=l 

Thus, with sufficiently large G and sufficiently small 6 > 0, one has 

n(a) 

II ^ L{xk{a)rL{xk{a)) - L{a)\\ < 71/2 



k=l 



and 



It follows that 



n{a) 

\Y,L{xk{a))L{xk{a)r - L(7r(a))|| < 71/2. 

k=l 



\T{L{a))-T{L{b{a))\<^, 
for each a G J^i and all r G T{B). □ 
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Lemma 3.5. Let A be a unital simple C* -algebra and let u,v £ A be two unitaries. Suppose 
that 

dist{u,v) <din U{A)/CU{A). 

Then, there exist Si > 0, 62 > and a finite subset Q G A satisfying the following: 

If L : A ^ B = M^(j)(C([0, 1])) (for any integer n and r{j) > 0) is a unital Q-62- 

multiplicative completely positive linear map then 

D{ulvi) < 2d, 

where ui , vi are any unitaries in B for which 

\\ui — L{u)\\ < 5i and \\vi — L{v)\\ < 5i. 

Proof. There are unitaries ai, 02, . . . , a^, bi,h2, ■ ■ ■ ,hm ^ A such that 

\\u*v — c\\ < d, 

where c = H^i ^j^j^^^^j- Choose Si = d/4. For sufficiently large Q and sufficiently small S2 > 0, 
one has 

\\L{u)*L{v) - L{c)\\ <d + d/A 
and there are unitaries a'^, a'g, . . . , a^, b'^,b'2, ■ ■ ■ ,b'^ £ B such that 

m 

\\L{c)-\{a'^b'^{a'^)-\b'^)-'\\<d/A. 

If \\ui — L{u)\\ < 5i and \\vi — L{v)\\ < 61, then 

\\uiVi — c'W < 2d, 

where c/ = Yl]l^a'jb'j{a'j)-\b'j)-^ . Clearly in B, D{c!) = 0. It follows that 

D{ulvi) < 2d. 

□ 

Lemma 3.6. For any e > 0, I > 27r and T : C(T)+ \ {0} ^ N x R+, there exist a finite subset 
Q C C(T)-|_ \ {0} and an integer L > satisfying the following: 

Let A be a unital simple C* -algebra and let u,v & A be unitaries such that [u] = [v] in 
U{A)/Uo{A) and ce\{u*v) < I. For any homomorphism : C(T) — ^ A which is T-Q-full, there 
is a unitary w G Ml+i{A) such that 

\\w* diag(u,uo, . . . ,uo)w - diag(f,tto, . . . ,ito)|| < £■ 

where uq = <f{z). 

Proof. Note that Ki{T) = Z, i = 0,1, and they are generated by 1c(t) and z (the identity map 
on T). 

Suppose that the lemma fails. Then there would be an eq > 0, Iq > 27r and T : C(T)_|_\{0} — > 
N X R_|_ such that the assertion does not hold. Let {OnjneN be an open base of T and let 
gn e C(T)+ be a function satisfying {t : gn{t) > 0} = On- Put (?„ = {gi, g2, ■ ■ ■ , Qn}- Then 
we would have two sequences of unitaries {un}, {vn} in a sequence of unital simple C*-algebras 
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An for which [un] = [vn] in U{An)/UQ{An) and cel('U*v„) < Iq, and a T-^„-fun homomorphism 
ipn : C{T) — > An such that 

inf{||?i;* diag(n„,Co, • • ■,Co)w - diag(?;„,Co, • • • ,Co)|| : w e M„(A„)} > eo, 

where Co = fn{z). Let B = i°^{{An}), Bq = co({A4), U = {n„}, V = M G $o : C(T) ^ 
i? be defined by $o(/) = Wn{f)} for / G C'(T), and n : B ^ B/Bq be the quotient map. Since 

cel«v„) < lo, 

it is easy to see that 

cel{U*V) <lomB and cel{TT{U)*7r{V)) < Iq in B/Bq. 

This, in particular, imphes that [7r(C/)] = [7r(y)]. S ince is X'-^^-full, we can see that tt o $q 
is full. Thus, by Theorem 1.2 in |GLj . there exists an integer A'^ > and a unitary W G 
Mn+i{B/Bq) such that 

\\W* diag(C/, vr o (Do(z), . . . , vr o <I>o(z))M^ - diag(y, <I>„(z), . . . , <I>o(z))|| < eo/2. 

Note that there exists a sequence of unitaries Wn G Miv+i(^n) such that 7r({m„}) = TV. It follows 
that 

ll-u;* diag(n„, v3„(z), . . . - diag(f„, . . . ,Lpniz))\\ < eo/2 

for all sufficiently large n. This contradicts the assumption that the lemma fails. □ 

Lemma 3.7. Let A be a unital simple C* -algebra and let ip : C(T) A be a monomorphism. 
Suppose thatip isT-T-full, where J- is a finite subset o/C(T)4_\{0} andT = NxK : T NxM_|_ 
is a map. Put T'{f) = {N{f),2K{f)) for f ^ Then there exist 5 > and a finite subset 
Q C A such that if L : A ^ B (for any unital C* -algebra) is a unital G -6 -multiplicative 
completely positive linear map and u G B is a unitary satisfying \\u — L o ^p{z)\\ < 5, then u is 
T'- J' -full. 

Proof. By assumption, for each f G T ., there are xi(/),X2(/), . . . )^Cjv(/)(/) G A such that 

^(/) 

^(:e,(/))X/):e,(/) = U 
i=l 

and \\xi{f)\\<K{f). 

It is clear that, with a sufficiently large Q and sufficiently small > 0, 

^(/) 

II Lix,if)rL o (^(/)L(x,(/)) - IbII < 1/4, 

i=l 

provided that L is a unital ^-(5-multiplicative completely positive linear map. Then there exists 
b{f) G B+ with ||6(/)|| < 4/3 such that 

b{f)L{x,{f)YL o ^{f)L{x,{f))b{f) = Ib. 

i=l 

Note that ||L(xj(/))6(/)|| < 4i('(/)/3. By choosing a small (5, we may assume that L o (/?(/) is 
sufficiently close to f{u) for every / G .F, and 

N{f) 

II b{f)L{x,{f)rf{u)L{x,{f))b{f) - IbW < 1/4. 

i=l 

By repeating the same argument as above we can conclude that u is T'-.F-full. □ 
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Lemma 3.8. Let A he a unital simple C* -algebra with TR{A) < 1. Then, for any e > 0, any 
a > 0, any integers mo,N > and any finite subset C A, there exist mutually orthogonal 
projections q,pi,p2, ■ ■ ■ ,Pm (m > mi) with [q] < \pi] and [pi] = [pi], i = 1,2, ... ,m, a C*- 
subalgebra C £ I with Ic = Pi for which each summand of C has rank at least N, and unital 
J^-e -multiplicative completely positive linear maps Li : A ^ qAq and L2 ■ A ^ C such that 

\\x - Li{x) ®diag{L2{x),L2{x), . . .,L2{x))\\ < e, 

where L2 is repeated m times, for all x & J-, T{q) < a and 2T{q) > r(pi) for all r G T{A). 

Proof. The proof is a minor modification of that of Lemma 5.5 in |L2j . The only difference is 
that, in Lemma 5.5 of jL2j . one does not have 2T[q) > r(pi) (for ah r G T{A)). 

Choose m > mi so that 1/m < a/2. In the proof of Lemma 5.5 in |L2j . choose n = 2m + 1. 
Then, the statement of the lemma holds, where L2 is repeated 2m + 1 times and r(g) < a/2 (for 
all T G T{A)). Then one replaces Li by Li © L2 and L2 by L2 © L2. Then the present lemma 
holds. □ 

Lemma 3.9. Let A be a unital simple C* -algebra with property (SP) and let u,v £ A be two 
unitaries with 1 G sp{u),sp{v). Then, for any e > 0, there is a unitary w G A and a nonzero 
projection e £ A and two unitaries Ui,vi G (1 — e)A{l — e) such that 

||(e + ui) — u\\ < e/2 and ||(e + vi) — u)*vw\\ < e/2. 

Proof Let 6 > 0. Define / G C(T, [0,1]) such that /(O = 1 if dist(^,l) < 6/ 2 and /(^) = 
if dist(^, 1) > 5. Since A has property (SP), there are nonzero projections ei G f{u)Af(u) and 
62 £ f{v)Af{v). Since A is simple there exist nonzero projections e[ < such that e'l is unitarily 
equivalent to Put e = e'l. If 6 is sufficiently small, we have 

\\eu — ue\\ < e/8 and \\e2V — ve'2\\ < e/8. 

It is easy to obtain unitaries ui G (1 — e)A{l — e) and n2 G (1 — 62)^(1 — 62) such that 

II (e + ui) - u\\ < e/2 and ||(e2 + U2) - v\\ < e/2. 

There is a unitary w £ A such that w*e'2W = e. Then, with vi = w*U2W, 

||(e + vi) — w*vw\\ < e/2. 

□ 

Lemma 3.10. Let A be a unital simple C* -algebra and u,v £ U{A). Suppose that cel{u*v) < I 
for some I > 0. Then, for any e > 0, there is a finite subset T d A and (5 > such that, 
for any unital -6 -multiplicative completely positive linear map L : A ^ B (for any unital 
C* -algehraB), there are two unitaries ui,vi £ B such that 

\\L{u) — ui\\ < e/2, \\L{v) — vi\\ < e/2 and 

cel(n^t;i) < / + e. 

Proof. This is essentially the same statement of Lemma 6.8 of |L2) . □ 
Now we are ready to prove the following theorem. 
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Theorem 3.11. Let e > and let T : C(T)+ \ {0} ^ N x IR+ be a map. Then there exist 6 >0 
and a finite subset T C C(T)+ \ {0} satisfying the following: For any unital simple C* -algebra 
with TR{A) < 1 and any T-T-full unitary u G U{A) with sp{u) = T, if v £ U{A) is a unitary 
such that 

[u] = [v] in Ki{A), dist{u,v) < 6 

and 

\t o /(n) -TO f{v)\ < 6 
for all f £ J- and all r G T{A), then there is a unitary w £ A such that 

\\w*uw — v\\ < e. 

Remark 3.12. In the statement above, for any u £ A with sp{u) = T, since A is a simple unital 
C*-algebra the map T always exists. We would like to point out that 6 and depend only on 
such T but not on A or the choice of u as long as the map T works for u. 

Proof Let / = 9^. Suppose that T : C(T)+ \ {0} ^ N x M+ is defined by T(/) = {N{f),K{f)). 
By applying Lemma 13.61 with e/16, I and T'(f) = {N{f),2K(f)), we get an integer L > and 
a finite subset G C C(T)+ \ {0}. 

Let r]i > be as in Lemma lSJl corresponding to e/4 and {z} C C(T). Let {Ci, (2, ■ ■ ■ , Cm} C T 
be an 7/i/128-dense subset of T. Choose functions gi G C(T) such that < g{t) < 1, gi{t) = 1 if 
t e 0(Ci,r/i/512) and gi{t) = if t e T \ 0(0, r/i/256), i = 1,2, . . . ,m. Let 61 = l/max{N{gi) : 
1 < i < m}. By using Lemma l3. II with {z}, e/A, rji and 5i, we obtain a natural number K and 
V2 > 0. 

Now let {6,6, . . . C T be 7?2/128-dense in T. Let hi G C(T) such that < hi{t) < 1, 
hi{t) = lift e 0(6,r?2/512) and hi{t) = if t G T \ 0(6, r/2/256), i = 1, 2, Let ^2 = 
1/ max{N{hi) : 1 < i < I}. Let H and A'^ > be described in Lemma l3. II corresponding to the 
above e/4, rji > 0, 61, K, rj2 and 82- Set TLi = {a+,o_,a : a G H}. 

Now let J- he a, finite subset which contains Q, Hi above and {gi, . . . , gm,hi,h2, ■ ■ ■ ,hi}. We 
may assume that K > 16. So we choose 5 = min{7r/16i^, (52/64}. Note that and 5 depend 
only on T and e. 

We would like to show that and 6 do the work. Suppose that j4 is a unital simple C*- 
algebra with TR{A) < 1 and u G U{A) is T-J^-full and sp{u) = T. Let v £ Ahe another unitary 
such that [u] = [v] in Ki{A), 

dist{u,v) <6< tt/IQK 

and 

\to f{u) - TO f{v)\ <5< (52/64 

for all / G i?i C and all r G T{A). 

By applying Lemma [3. 91 we may assume, without loss of generality, u = e + u' and v = e + v' , 
where u',v' G (1 — e)A{l — e) are two unitaries. To simply notation, fix a nonzero projection 
e £ Aso that it suffices to prove the following: there exists a unitary w G (e + lA)M2(A)(e + 1^) 
such that 

||u)*(e + u)w — (e + u)|| < e. 
It follows from Lemma 6.9 in L2 that 

ce\{u*v) < Svr + tt/IQK < 9tt = I. 

Define ip,^l; : 0(T) ^ ^ by ip{f) = f{u) and V(/) = f{v) for ah / G 0(T). 
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Since T contains {51, 52, • • • , 5m}) we have 

XI i^A9i)T'P{9i)Xj[9i) = 1a, 
i=i 

for some Xj{gi) G A with < K{gi), i = 1, 2, . . . , m. Since contains {hi, /i2, • • • , hi}, we 

also have 

Af(h,) 

ixj{hi))*ip{hi)xj{hi)) = 1a 

for some Xj{hi) £ A with < K{hi), i = 1,2, ... ,1. 

Now we apply Lemma l3.8l For a finite subset Qq <Z A and 5o > 0, we have a natural number 
L' greater than L and 



||x - (Li(x) ediag(L2(x),L2(x),. . . ,L2(x))|| < e/16 

for both X = u,v, where Li : A ^ qAq and L2 : A ^ B are ^o'^^O'^ultiplicative completely 
positive linear maps, where B = ©jLi-^r(j)(C([0) 1])) C piApi with r(j) > (1 < i < m), 
1_B = Pi, [q] < [Pi]; 2[g] > [pi] and [g] < [e]. We choose Qq so large and 60 so small that, by 
Lemma 13.31 there is a homomorphism ipi : C(T) — > S so that 

yiif) - L2{M)\\ < min{e/4,52/16} 

for all f £ HiU {z} and (pi has sdp(r/i/64, 61) and sdp(?72/64, ^2) property. Moreover, since (p is 
T-^-full, by Lemma 13.71 we may assume that ipi is T'-^-full. 

We may also assume that there is a homomorphism tpi : C(T) B such that 

\\Mf)-L2m))\\ < mm{e/4, 52/16} 

for ah f eHiU{z}. 

By Lemma 13.51 we may assume that 

With sufficiently large Qq and sufficiently small 5o, by Lemma 13.41 we may assume that 

\r\Mf))-r'{Mm<S2/4: 

for all / G -fT and all r' G T(B). Now by applying Lemma l3. 11 we obtain a unitary wi £ B such 
that 

\\wlipi{z)wi - tl^iiz)]] < e/4. 

In the above, for sufficiently large Go and sufficiently small 5o, by Lemma l3.101 we may also 
assume that there are unitaries U2,V2 G qAq such that 

||Li(u) — ti2|| < e/16, 11-^^1 ("v) — ""211 < e/16 

and 

eel (1*2^2) < 97r. 

Since [q] < \pi] and [pi] — [q] < [q] < [e], there is ei < e such that [ei] + [q] = [pi]. Let 
U3 = ei+ U2 and V3 = ei + V2. 
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Put 

L' 

. ^ 

U = diag{ipi{z),ifi{z), . . .,(pi{z)) 

and 

L' 



V = diag{iJi{z),i;i{z), . . .,iJi{z)). 

Then by the choice of L, by applying Lemma we obtain a unitary W2 G (ei + lyi)M2(A)(ei + 
1^) such that 

\\w*2{us e U)w2 - {v3 ®U)\\ < e/16. 

L' 



Let W3 = W2{q + diag(t(;i, iwi, . . . , ti^i)). It follows that 

\\w*s{u3 e C/)u'3 - (tjs e V^)!! < e/16 + e/4. 
Combining all the above, we have 

||ti;3(ei + u)w3 - (ei + v)\\ < 3(e/16 + e/4) < e. 
Set w = (e — ei) + ^3. Then 

||u)*(e + u)'w — (e + f )|| < £. 

□ 

Corollary 3.13. Let A be a unital simple C* -algebra with TR{A) < 1 and let u,v G A be two 

unitaries with sp{u) = sp{v) = T. Then there exists a sequence of unitaries Wn ^ A such that 

lim w'^uwn = V 

n— >oo 

if and only if 

[u] = [v] in Ki{A), u = v in U{A)/CU{A) 

and 

T{f{u)) = T{f{v)) 

for all f G C(T) and all r G T{A). 

Lemma 3.14. Let e be a nonzero projection of a unital simple C* -algebra A with TR{A) < 
1. Then i : U{eAe)/CU{eAe) U{A)/CU{A) defined by v f + (1 — e) is a continuous 
isomorphism. 



Proof. It is clear that i is a continuous homomorphism. It follows from Theorem 6.7 in |L2j 
that it is surjective. Suppose that u £ kerz. Thus ti + (1 — e) G CU{A). It follows Lemma 6.9 
in |L2j that u + (1 — e) G Uq{A). Since A has stable rank one, by R:, it is easy to see that 
[u + (1 — e)] = in Ki{A). Since A is simple, we conclude that [u] = in Ki{eAe). Since A has 
stable rank one, it follows that u G Uo{eAe). By expressing u as finite product of exponentials, 
we obtain a piecewise smooth map r/ : [0,1] — > C/o(eAe) with 77(0) = e and Ty(l) = u. Define 
e : [0, 1] ^ U{A) by m = r]{t) + (1 - e). Then 

SAiOir) = ^ riCmm d^ = ^il' riv'mtT) dt 



for ah T G T{A). The fact that u + (1 - e) G CU{A) implies that 6a{£.) G /9A(i^o(^)) (see iTh!). 
Suppose that there are x„ G Ko{A) such that t(x„) ^ uniformly on T{A). Then 

r(x„)/r(e)^J^(0(r)/r(e). 
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For each t £ A, define f(a) = T{a)/T{e) for a G eAe. So 5eAe{v){T') = ^a{0{j) /T{e)- Since 
Ko{eAe) = Ko(A), we conclude that 6eAeiil) £ /Oyl(-f^o(eAe)). Equivalently u E CU{eAe). Thus 
i is injective. □ 

Theorem 3.15. Let A be a unital simple C* -algebra with TR{A) < 1 and X be the Cantor set. 
Then two unital monomorphisms /ii,/i2 : C{X xT) ^ A are approximately unitarily equivalent 
if and only if 

= {h2)*i, i = 0,1, h\= hi 

and 

rohi{f) =ro/i2(/) 

for all f G C{X x T) and r G T{A). 

Proof. The "only if is clear. We will show the "if part. 

Let e > and J- C C{X x T) be a finite subset. Without loss of generality, we may assume 
that 

T = {fi,fiX z ■.i = 1,2,... ,m}, 

where fi = Iq^ and Oi, O2, • • • , Om are mutually disjoint clopen subset of X for which U^^Oj = 
X. 

Since = (/i2)*ij ^ = 0, 1, there is a unitary wi £ A such that 

w*hi{fi)w = h2{fi), i = l,2,...,m. 

To simplify notation, we may assume that hi{fi) = /i2(/i) = Pi, i = 1,2, . . . ,m. Working in each 
PiApi, by applying Lemma Hi 141 and Corollary there is a unitary Ui G PiApi such that 

\\u*hi{fi X z)Ui - /l2(/i X z)\\ < £, 

for all i = 1, 2, . . . , m. Define W2 = ^i- Then W2 G U{A) and 

\\w2hi{g)w2 - h2ig)\\ < £ 
for all g eJ^. □ 
Combing the proof of Theorem 13.151 and 13.111 we actually prove the following. 

Corollary 3.16. Let A be a unital simple C* -algebra with TR{A) < 1 and X be the Cantor 
set. Fix a monomorphism hi : C{X x T) ^ A. Then, for any e > and any finite subset 
T C C{X X T), there exist 6 > 0, a finite subset Q C C{X xT), a finitely generated subgroup 
Go C Kq(C{X X T)) and a finitely generated subgroup Gi C Ki{C{X x T)) satisfying the 
following: if h2 ■ C {X x T) ^ A is a monomorphism such that 

(/i2)«|g, = {hi)^i\G,, \T{h2{g)) - T{hi{g))\ < 6 
for all g £ Q and r G T{A), and 

dist{h{{g),hl{g)) <6 
for all g £ Gi, then there exists a unitary W £ A such that 

\\Wh2{f)W* - < e for all f £T. 
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4 Tracial rank 



Let {X,a) be a Cantor minimal system and let ^ G C(X, T). In this section, we will only 
consider the case that a x i?g is minimal. Put A = C*{X x T, a x R^). The purpose of this 
section is to show that the tracial rank of A is no more than one. We denote the implementing 
unitary of A by u. In this section, we identify the circle T with the quotient space M/Z. 

Proposition 4.1. Let x £ X and let U be a clopen neighborhood of x €z X . Suppose that there 
exists M G N such that 

Wu^^zpu^'^* - zq\\ < e, 

where p = Ijj and q = u^pu^* . Then there exists a partial isometry w G Ax such that w*w = p, 
WW* = q and 

\\wzpw* — zq\\ < e. 

Proof. There exists a unitary normalizer wi G Axf\C*{X,a) of C{X) such that wipw'l = q. We 
may assume that there exists a continuous function n : X ^ Z, such that wi = '}2kei'^^^ri-'^{k)- 
Since u* zu = e'^'^^'^^z, we can find a continuous map r] : U ^ T such that 

w^u zpu wi = e ^ 'zp. 

Clearly we have [wlu^'^ zpu'^'^*wi] = [zp] in Ki{pAxp). We also get t{w\u^^ zpu^^*wi) = T{zp) 
for all T G T{pAxp), because T{A) = T{Ax). Furthermore 

wlu^^zpu^^*wi{zp)* = e^^'^'i 

belongs to i? = p{Ax fl C*(X, a))p, which is a unital simple infinite dimensional AF algebra. 
Hence, the unitary e^'^^'^ is contained in U{B) = CU{B) C CU{pAxp). Thus, Corollary 
applies and yields a unitary W2 G pA^p such that 

1 1 H< IvI Ad^ H< 1 1 

\\WiU zpu Wl — W2ZpW2\\ < (T, 

where a = e — \\u^ zp^* — zp\\. Put w = wiW2- Then 

II =f: ll^ll / *\=f: K/J A4 ^ W II Af Af^ II 

\\wzpw — zq\\ < \\wi[W2zpw2)Wi — u zpu II + \\u zpu — zq\\ < e. 

□ 

The following is an improvement of Lemma 5.5 of |LM2j . 

Lemma 4.2. Let x € X. For any G N, e > and a finite subset T C C{X x T), we can find 
a natural number M > N , a clopen neighborhood U of x and a partial isometry w G A^ which 
satisfy the following. 

(1) a-^+\U),a-^+^{U), a{U), (U) are mutually disjoint, and fi{U) < e/M for 
all a-invariant measure fi. 

(2) w*w = Ifj and ww* = l^Mf^jjy 

(3) W G Ax for alii = 0,1,..., N - 1. 

(4) \\wf - fw\\ < e for all f ^T. 
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Proof. Without loss of generality, we may assume = {/i, /2, . . . , fk, z}, where fi belongs to 
C{X) C C(X X T). There exists a clopen neighborhood O oi x such that 

\f^{x)-niy)\<e/2 

for all y E O and i = 1,2, ... ,k. Since a x i?^ is minimal, we can find M > N such that 
(q X Ri:)^{x, 0) £0x1, where I = {t e T : \t\ < e}. Let U he a clopen neighborhood of x such 
that the condition (1) is satisfied and 

(a X R^)^^y,0) £0x1 

for all y £ U. U 1/K < e, an easy way to get ^{U) < e/M is to choose U so that 
a^^+^(C/), . . . ,U, . . . , a^^^^ {U) are mutually disjoint. Moreover, we require that C/Ua*'^([/) C 
O. Let p = Ijj and q = lQ,Af(„). Since (a x i?^)*^ = a^^ x i?^ for some r/ £ C{X,T), we check 
that 

Wu^zpu*^^ - zq\\ < e. 
By applying Lemma l4.H we obtain a partial isometry w £ Ax which satisfies (2) and 

Wwzpw* — zq\\ < £. 

bmce U U a^^(C/) C O, by the choice of O, it is easy to check that 

\\wfi - fiw\\ < e 
for alH = 1, 2, . . . , fc. To see (3), we note that 

PU' = P'Ul„-l(f/)nl„-2(f;) • • • 

and 

(■u**^)* = gnlc,M-i(^)'ul„Af-2([/) • • • nl(^A/-i(f/) 

for every i = 1, 2, . . . , A'" — 1. Since x £ U,hy the condition (1), one sees that pu^ and u*^q belong 
to Ax. It follows that u"wu^ € for aU i = 1, 2, . . . , iV - 1. □ 

Theorem 4.3. Let {X, a) be a Cantor minimal system and let ^ : X ^ T be a continuous map. 
If a X is minimal, then A = C*{X x T,a x R^) has tracial rank zero or one. Consequently 
A = C*{X xT,a X R^) is a unital simple AT -algebra. Moreover, it has tracial rank zero if and 
only if a X R^ is rigid. 

Proof. The proof is exactly the same as that of Theorem 5.6 of |LM2j when one uses Lemma [4.2l 



instead of |LM2[ Lemma 5.5]. Only difference is that we do not assume that Ax has tracial rank 
zero. But we use the fact that Ax is a unital simple ^T-algebra (see Proposition 3.3 of |LM2j ). 

Let C ^ be a finite subset and let e > 0. Fix x £ X. By applying Lemma l4.2[ exactly as 
in the proof of Theorem 5.6 of |LM2j . one obtains a projection e £ Ax such that the following 
hold. 

• \\ea — ae\\ < e for all a £ T . 

• For every a £ T , there exists h £ eAxC such that \\eae — b\\ < e. 

• t(1 - e) < e for all r £ T{A). 

Since Ax is a unital simple AT-algebra (which has tracial rank one or zero), using the fact that A 
has stable rank one and weakly unperforated Kq{A) (see Theorem 3.12 in |LM2j ) and applying 
Theorem 4.8 in |HLXj . exactly as in the proof of Theorem 5.6 in |LM2j . we conclude that A has 
tracial rank one or zero. 

By Lemma 2.4 of |LM2j . both Kq{A) and Ki{A) are torsion free. It follows from (L2) that 
A is isomorphic to a unital simple >lT-algebra. □ 
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5 Non-orientation preserving cases 

In this section we will show that the crossed product C*{X xT,ax (p) has tracial rank zero if 
the cocycle tp takes its values in Isom(T) and a x tp is rigid. 

Lemma 5.1. Let A be a C* -algebra with real rank zero and let E be a finite dimensional C*- 
subalgebra with the same unit as A. Then B = An E' also has real rank zero. 

Proof. Let pi,p2, . . . ,Pnbe a family of mutually orthogonal central projections of E with = 
1. Then Epi is isomorphic to a full matrix algebra. Since pi is central in it suffices to show 
that Bpi has real rank zero for alH = 1,2, ... ,n. But this is obvious because Bpi = piApiCi^Epi)' 
is isomorphic to eiAei where is a minimal projection of Epi. □ 

Let A be a unital C*-algebra. For a G A, we define 

||a||2 = sup T(a*a)^^^. 

reT(A) 

Then ||-||2 is a norm on A. 

Lemma 5.2. Let e be a self-adjoint element of A and let be a sequence of self- adjoint 

elements of A. Suppose that lim„^oo||2;n ~ e||2 = and \\e\\ < 1, \\xn\\ < 1 for all n G N. Then, 
for every continuous function f on [—1, 1], we have 

lim ||/(a;,)-/(e)||2 = 0. 
n— »oo 

Proof. It suffices to show the claim when / is a polynomial. But this is obvious because of 
||a6||2 < ||a||||6||2. □ 

Lemma 5.3. Let A be a unital simple C* -algebra with tracial rank zero and let {en}neN be a 
sequence of projections in A which satisfies 

lim \\aen — e„a||2 = 

n— »oo 

for every a £ A. Then there exist a subsequence {em(n)}nm o.'^d a sequence {xn\n&^ of projec- 
tions in A such that the following conditions are satisfied. 

(1) For every a £ A, we have \\axn — Xna\\ — ^ 0. 

(2) ||em(n) -Xnh 0- 

Proof. Let {a„}„gN be a dense sequence of A. Since A has tracial rank zero, we can find a 
projection p„ and a unital finite dimensional C*-algebra En C Pn-^Pn such that the following 
are satisfied. 

• For every i = 1,2, ... ,n, \\aiPn - Pnai\\< 'i-/n. 

• For every i = 1,2, . . . ,n, there exists b G En such that \\pnaiPn — ^||< 1/^- 

• ||1 -p„||2 < 1/n. 

Using the Haar measure on the compact group U{En), we define 



U{En) 
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Then n G A. It is then easy to check that Xui,n comniutes with unitaries of and so it 
commutes with all elements of En- Thus Xm,n is a positive element lying in pnApn H E'^. Hence, 
for every i = 1, 2, . . . , n, we have HajX^.n — 2;m,nffli|| < 4/n. Moreover, by choosing a sufficiently 
large m G N, we obtain 

1 

n 

because lim^-^ ooll'wem Gmu\\2 — for every u G U(^En)- 

In this way, we can find a subsequence {e^(„)}„ and a sequence which satisfy the 

requirements (1) and (2). It remains to replace x„ to a projection. Since pnApn H E'^ has real 
rank zero by Lemma f5.ll we may assume that x„ has finite spectrum. Let /, g and h be functions 
on [0, 1] defined by 

0<t<l/2 
2t-l l/2<t<l. 



fit) 



git) 



2t < t < 1/2 
1 l/2<t<l 



and h{t) = l(i/2,i](0- Then by using Lemma ESI we have ||e^(„) — /(x„)||2 and ||em(„) — 
9ixn)\\2 0. It follows from < (/i - /)2 < (5 - /)2 that 

lim \\h{Xn) - era(n)h = 1™ WK^n) " /(2;n)||2 < lim \\giXn) - /(a^n)||2 = 0. 

n^oo ^ ' n— >oo n— >oo 

Since still lies in pnApn H E'^, it almost commutes with ai, 02, ... , a^. Thus h{xn) is the 

desired projection. □ 

Proposition 5.4. Let A be a unital simple C* -algebra with tracial rank zero and let 7 : — > 
Aut(^) be an action ofLi. Suppose that there exists a sequence of projections {e„}„gN satisfying 
the following property. 

(1) For each ieZi\ {0}, ||e„y(e„)||2 ^ 0. 

(2) l|l-E.ez,f(en)||2-0. 

(3) For every a G A, we have ||ae„ — e„o||2 — > 0. 

Then the action 7 has the tracial Rohlin property in the sense of |Phj . 



Proof. The proof goes in a similar fashion to ^ Section 4] . By Lemma 15.31 we may assume 
that 

lim \\aen — ena\\ = 

n— ►oo 

for every a € A. Let .7-" be a finite subset of A and let e > 0. There exist a projection p £ A and 
a unital finite dimensional C*-subalgebra E C pAp such that the following are satisfied. 

• For every a £ J^, \\ap — pa\\< e. 

• For every a £ J^, there exists b £ E such that \\pap — b\\< e. 

• ||1 - p\\2 < e. 
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Since {7*(en)}n is a central sequence for every i £ Z^, by using the integration argument as in 
the proof of Lemma ESI we may assume that there exists a projection Xn^ An E' such that 
\\xn^ — 7*(cn)|| — > for every i G Zj. Put 



^ ^(0) V- 
Then i/n is a positive element lying in 

Let Sn = sup^g'p(^) T{yn). By the assumption (1), we have Sn 0. Define continuous functions 
gi, g2 and 53 on [0, 1] by 



1 < t < i/4 

l-4(t-jy4) j74 < t < (j + l)/4 
otherwise. 



9jit) = < 

Put anj = gjiUn/V^) in Then it is easy to see that an,ian,2 = cin,i and an,,20n,3 = ara,2- 
Since has real rank zero, the hereditary subalgebra an,2DnO'n,2 has an approximate identity 
consisting of projections. Hence we can find a projection /„ G Dn such that an,2,fn = fn and 
||an,i/n - On.ill < £n- Combining 

riVn^^X^n^ - «n,l)yy' ) < riVn) < En 

with 

we get T{xn^ — a„,i) < 4y^ for all r G It follows from ||an,i/n — «n,i|| < that 

— /„) — > uniformly for all r G ^(A). Moreover we have 

||/nyn/n|| — \\fnO'n,3ynO'n,3fn\\ ^ ||Q"n,3ynOn,3|| — \/ j 

and so ||/na^nVn|| < \/en for all i £'Li \ {0}. Therefore, for every i £ Zi \ {0}, 

/nf (/n) = /ny(4°^)f (/n) « fnX^h'ifn) 

converges to zero as n — > 00. Since /„ commutes with p £ E, fnp is a projection lying in 
pApf] E' . By replacing with f^p, we obtain 

lim sup t(x^°^ — /n) < e 

We still have 

lim =0 

n— >oo 

for all i G Z, \{0}. 

As a consequence, by choosing a sufficiently large n, we can find a projection /„ which 
satisfies the following. 

• For every a G J^, \\afn — /no|| < 4e. 
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. For every i G {0}, ||/„y(/„)|| < e. 
• For every r G T{A), 

A^-Y.^'Un) \ <le. 

\ i&l j 

Hence 7 has the tracial Rohhn property. □ 

Let (X, a) be a Cantor minimal system and let c : X ^ Z/ be a continuous map. Define a 
homeomorphism a x c G Homeo(X x Z/) by 

(a X c)(2;, A;) = (a(a;), /c + 0(2;)) 

for all (x, A;) G X x Z^. Namely a x c is the skew product extension of (X, a). Suppose that axe 
is minimal. Then C*\X x I,i,a x c) is a unital simple AT algebra with real rank zero. Define 
7 G Homeo(X x Z/) by j{x, k) = {x,k + 1). Since 7 commutes with q x c, it induces an action 
6 of Z; on C*{X X Z;, a X c). We would like to see that satisfies the hypothesis of Proposition 

E31 

Let 

V = {X{v, k) -.v ^V,k = l,2,..., h{v)} 

be a Kakutani-Rohlin partition of (X, a). We may assume that the function c is constant on 
each clopen set belonging to V. For a given e > 0, it is possible to choose V so that h{v) is 
greater than for all f G Thus, fi{R{V)) is less than e for all n G Ma, where R{V) is the 
roof set. For every v G V and k = 1,2, . . . , h{v), define c{v, k) G Zi by c{v, 1) = and 

k~i 

c{v,k) = "^c{a'-\x)), 
1=1 

where x is a point in X{v, 1). We define a clopen subset [/ of X x Z; by 

h(v) 

^ = U [JXiv,k)x{civ,k)}, 

veV k=l 

and put e = If/ G C*(X x Z;,a x c). It is easy to check that e,9{e), . . . ,6''~^{e) are mutually 
orthogonal and X^jg^^ 9'^{e) = 1. Clearly e commutes with elements of C{X x Z;). Furthermore 
we have 

{u*eu - ef < Ir(v)xZi, 
where u is the implementing unitary of C* (X x Z; , o; x c) . It follows that 

||ii*eM — e||2 < £■ 

Consequently 9 satisfies the hypothesis of Proposition 15. 4( and so it has the tracial Rohlin 
property. Indeed, it can be easily checked that the crossed product 

C*(X X Z,,a X c) XgZi 

is stably isomorphic to C*{X,a) (see |Mlj ). 

Now we turn to minimal dynamical systems on X x T. Let (X, a) be a Cantor minimal 
system and ip : X ^ Homeo(T) be a continuous map. Suppose that a x ip is minimal and 
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non-orientation preserving. Then a x 0(93) is a minimal homeomorphism on X x Z2. Let vr be 
the projection from X x Z2 to the first coordinate. By jLM2[ Lemma 8.1, 8.3], a x o{}p) x (/97r 
is a minimal orientation preserving homeomorphism. Put 

^ = C*(X X Z2 X T, a X 0(^9) X 997r). 

Then, as in the Cantor case, the shift map {x,k,t) 1— > {x,k + l,t) commutes with the minimal 
homeomorphism a x o{ip) x ipir. Let us denote the corresponding action of Z2 on A by 9. It is 
not hard to see that 6 globally preserves the subalgebra C*{X x Z2,a x o{ip)). Therefore, as 
discussed before, there exists a projection e £ C{X x Z2) satisfying the hypothesis of Proposition 
15.41 But, e clearly commutes with elements of C{X x Z2 x T), and so we can conclude that 9 
on A also satisfies the hypothesis of Proposition 15.41 
As a direct consequence, we have the following. 

Theorem 5.5. Let a x ip be a minimal non- orientation preserving homeomorphism on X xT. 
Suppose that 

A = C*{X xZ2xT,ax o{if) x ipi:) 

has tracial rank zero. Then, the action 9 has the tracial Rohlin property. In particular, C*{X x 
T,a X (p) also has tracial rank zero. 

Proof. This is immediate from Proposition 15.41 and |Phl Theorem 2.7]. □ 

Corollary 5.6. Let {X, a) he a Cantor minimal system and letip:X^ Isom(T) be a continuous 
map. If a X if is rigid, then C*{X xT,OiX ip) has tracial rank zero. 

Proof, li a X if IS orientation preserving, the result follows from jLM2| Theorem 5.6]. Suppose 
that axif \s not orientation preserving. By |LM21 Lemma 8.4], a x o{^p) x ip-K is rigid. It follows 
from |LM2| Theorem 5.6] that 

^ = C*(X X Z2 X T, a X o{ip) X ipir) 

has tracial rank zero. By Theorem 15. 5| we get the conclusion. □ 

6 C*-strongly approximate flip conjugacy 

Let {X, a) and {Y, (5) be two topological transitive systems. Let A = C*{X, a) and B = C*(y, j3) 
be crossed products. In jToj . J. Tomiyama showed that (X, a) and (1",/?) are flip conjugate if 
and only if there exists an isomorphism ^ : A ^ B such that $ maps ja{C{X)) onto jp{C{X)). 
The following is an approximate version of Tomiyama's C*-algebra flip conjugacy. 

Definition 6.1. Let (X, a) and iY, (5) be two topological transitive systems. We say that {X, a) 
and (y, /5) are C* -strongly approximately flip conjugate if there exist sequences of isomorphisms 
ipn- B,iJn: B ^ A,Xn-- C{X) C{Y) and w„ : C{Y) C{X) such that [pn] = [^1] in 
KL{A,B), [il^n] = [V^i] in KL{B,A) {<pn\ = {<pi\, {^n\ = fi = fi and il^i = il^l for ah 

n G N, and 

lim \\(PnOjaif)-jpOXnif)\\=0 
n— >oo 

and 

lim O jfiig) - ja O Wnlff)!! = 

for all g G C{X) and g G C{Y). 
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Let A and B be two unital separable simple C*-algebra with real rank zero and stable rank 
one and suppose that there exists an order homomorphism 

R : {Ko{A),Ko{A)+, [U]) ^ {Ko{B), Ko{B)+, [1b]). 

Let Pa '■ Kq{A) AS{T{A)) be the homomorphism induced by Pa{[p]){t) = t{p)- It follows 
from |BHj that pa{Kq{A)) is dense in AE{T{A)). Thus k gives an afhne continuous map : 
AS{T{A)) AS{T{B)). 

In the case that A and B are simple and have real rank zero and stable rank one, in Definition 
16. II above, if [ipn] = ['^i] in KL{A, B), then one must have {fn)\] = Moreover, in this case, 

Ki{B) = U{B)/Uq{B) = U{B)/CU{B). Therefore <4i = Lp{. In other words, in Definition EU 
above, if both A and B have tracial rank zero, then one can omit {'■Pn)^ = {'■Pi)^ as well as 
tt tt 

We identify T with M/Z in this section. Let (X, a) and (1", /3) be Cantor minimal systems 
and let (/9 : X — > Isom(T) and ij: : Y ^ Isom(T) be continuous maps. For the rest of this 
section we assume that both ax ip and (3 x ip are minimal, but that neither a x ip nor (5 xip are 
orientation preserving except in Theorem 16.91 We denote the crossed product algebras arising 
from {X xT,a X p) and {Y xT,j3 x if)) hy A and B, respectively. 

We identify Ki{C{X x T)) with C{X, Z) for i = 0, 1. By Lemma 2.5 of (LM2j . we know that 
Kq{A) is unital order isomorphic to K^{X,a) = Coker(id— a*) and that Ki{A) is isomorphic 
to the direct sum of Z and Coker(id — a* ). Note that the torsion subgroup of Coker(id — a* ) is 
isomorphic to 1^2- 

In the argument below, we will regard functions of C{X, Z) as elements of Kq{A) and Ki{A). 
When we need to avoid confusion, we denote the equivalence class of f £ C{X, Z) in these groups 
by [/]o and respectively. 

Let xq £ X. By Proposition 3.3 of |LM2j . we know that KQ{Ari.Q) is unital order isomorphic 
to Kq(A) and that Ki{Axo) is isomorphic to 

CiX, Z)/{/ -a*^{f):f£ ax, Z) and /(xq) = 0}. 

Furthermore, there exists a natural quotient map from Ki{Axg) to Ki{A) and its kernel is 
isomorphic to Z. 

Define a function £ C {X, Z) by 

h (x) = l^ o{p){a-Hx)) = l 
^ 1 otherwise. 

Then is a representative of the torsion element in Ki{A). Thus 2/i^ is zero in Ki{A), and 
so 2h^ belongs to the kernel of the natural quotient map from Ki{Axq) to Ki{A). By an easy 
observation, we can see that 2h^ is the generator of the kernel. Note that 

Ix - a^(lx) = 2/i^. 

Let 

V = {X{v, k) -.v €V,k = l,2,..., h{v)} 
be a Kakutani-Rohlin partition for {X, a). We denote the roof set of V by 

RiV)= U^(^,M^))- 
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We also write 

V = {X{v, k) ■.veV,k = l,2,..., h{v) - 1} U {R{V)]. 

Suppose that V is so finer that o{(p) is constant on each clopen set belonging to V. We define 
o{ip)v G Z2 in the same way as in Section 4 of [M2|. Namely, 

o{ip), = o{^){x) + oM(a(x)) + • • • + o{^){a^^^^-\x)), 

where x is a point in X{v, 1). 

Lemma 6.2. Let xq ^ X and let 

V = {X{v, k) -.v eV,k = l,2,..., h{v)} 

be a Kakutani-Rohlin partition for (X, a) . Suppose that xq belongs to RiV) and that o{ip) is 
constant on each clopen set ofV. Then is equivalent to 

o((/p)„=l 

in Ki{A^^). 

Proof. We assume that o{(p) is zero on the roof set. The other case can be shown similarly. For 
every v £ V, set 

Ev = ^ k < h{v) : o{f) is not zero on X{v, k)}. 

Then we have 

K = 'Y 'Y '^X{v,k+l)- 

neV k&E^ 

Let ki < k2 < ■ ■ ■ < kn he the arranged list of elements in E^. For every i = 1, 2, . . . , n, let 
li = h{v) — ki + 1. It is easy to see that 

Hence, if n is even, then 

n 

EK)''(1^(-A+i))=0- 

i=l 

If n is odd, then 

n 

X^(«P''(lx{»;,A:i+l)) = lx(i),h(i)))- 
1=1 

Therefore /i<^ is equivalent to 

o{(p)v=l 

in Ki{A^^). □ 

Let a be an element of the topological full group of a. Then there exists a continuous 
function n : X ^ Z such that a{x) = a"'^''\x) for aU x G X. Put Xk = n~^{k) for A: E Z. Note 
that Xfc is a clopen subset of X. We define an automorphism a* on C(X, Z) by 

<(/) = EK)'(/i^.) 
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for / G C(X, Z). In other words, 

a;{f){x) = {-l)<^^f{a-Hx)), 

where c : X ^ Z2 is defined by 

'e£i''^"^^ o(^)(q-*(x)) n{a~\x)) > 
c(x) = <0 n((T-i(x)) = 

^^^^^n(.-i(x)) n(a-i(x)) < 0. 

From the (7*-algebraic viewpoint, this definition can be interpreted as follows. Define a G 
Homeo(X x T) by 

a{x,t) = {ax 99)"(^)(x,t). 

Thus a belongs to the topological full group of a x f. Clearly a induces an automorphism of 
Ki{C{X X T)). Under the identification of Ki{C{X x T)) with C{X,Z), we can see that this 
automorphism agree with o"* . 

Lemma 6.3. For any xq £ X , m G Z and any nonempty clopen subset O of X , there exists a 
clopen set U C O such that lu is equivalent to mh^p in Ki{Axf^). Moreover, there exists o" G [[a]] 
such that (t{x) = x for all x £ and o"* (!(/) = —lu- 

Proof. At first we deal with the case m = 1. Since a x 0(93) is a minimal homeomorphism on 
X X Z2, there exists G N such that 

N 

[j{axo{^)y{Ox{0})DXx{0}. 

It follows that, for any x G X, there exists i G {0, 1, . . . , N} such that 

(a X o{lp))-\x,0) G O X {0}. 
Choose a Kakutani-Rohlin partition 

V = {X{v, k) -.v €V,k = l,2,..., h{v)} 
so that the following are satisfied: 

• The roof set R{V) contains xq. 

• h{v) is greater than N for every v £ V. 

• lo and o{(p) are constant on each clopen set belonging to V. 

By the choice of N, for each v £ V, we can find G {1,2,... ,h{v)} such that X{v,k^) is 
contained in O and (a^''^''^"''" = lx(t,,h(t,))- Put 

U= U X{v,k,). 

o(ip)v=l 

Then, by Lemma Ifj is equivalent to in Ki{Axq). 

Let a be the first return map on U. By defining (t{x) = x for x G W^, we can regard a as an 
element of [[a]]. We claim cr*(l(/) = —lu- There exists n G C{X,Z) such that a{x) = a"(^)(x) 
for all 2; G A. Define a G Homeo(X x Z2) by 

a{x,k) = {ax o((^))"(^)(x,fc). 

By the choice of U, we can see the following. 
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• If X G X{v,k^) C U, then (a x o{ip)f'-''^-''-{x,0) = (a'^^'')"*^" (x), 0). 

• If X e a(x) G 1) and o{ip)y = 0, then (a x o(¥?))''(^)(x,0) = (a'^('')(x), 0). 

• If X e a(x) G X{v,l) and o((^)^ = 1, then {a x o((^))'='' (x, 0) = (a*^" (x), 1). 

It follows that <t(x, 0) = (<t(x), 1) for all x e U. Hence we have a* (I;/) = —lu- 
We can prove the case m = — 1 in a similar fashion. 

Let us consider the general case. Suppose m > 1. Choose non-empty clopen subsets 
Oi,02, ■ ■ ■ ,Om C O which are mutually disjoint. By applying the argument above to Oj, 
we get a clopen set Ui C Oj such that ![/. is equivalent to hip in Ki{Axo). Moreover, there 
exists CTj G [[a]] such that crj(x) = x for all x G and o-*^{lui) = — Let U = IJi^i 
and (7 = c7i(T2 . . . am- Then, lu is equivalent to mh,p in iCi (A-jp ) , (t(x) = x for all x E and 
= -![/. 

When m is less than —1, a similar proof is valid. □ 

We would like to show that C*-strongly approximate flip conjugacy implies approximate 

-RT-conjugacy under the assumption that both systems are rigid. If the systems arc rigid, then 
A and B has tracial rank zero. Hence, when two isomorphisms from i? to ^ induce the same 
element in KL(B,A), we can conclude that they are approximately unitarily equivalent. Thus, 
we may assume that there exist an isomorphism ^ : B ^ A, a sequence of unitaries iw„ G A 
and a sequence of isomorphisms Xn '■ C{Y x T) ^ C{X x T) such that 

lim \\vn'^{g)v*^-Xni9))\\=0 

for all g G C{Y). The isomorphism ^ induces a unital order isomorphism '■ Kq{B) — Ko{A) 
and an isomorphism ki : Ki{B) — > Ki{A). 
Let 

Q = {Y{w, l):weW,l = l,2,..., h{w)} 

be a Kakutani-Rohlin partition for {Y, (3) such that o('0) is constant on each clopen set of Q. 
The above hypothesis implies that there exists an isomorphism x : C(y x T) — > C{X x T) such 
that the following conditions hold (we omit the index n to simplify the notation): for every 

[xo*(lc/)]o = /«o([lt/]o) 

in Kq{A) and 

[Xl*(l!7)]l = 

in Ki{A). 

Keeping these notations, we will show the approximate X-conjugacy. The proof goes by 
perturbing x with elements of the topological full group [[a]]. 

Lemma 6.4. Let xq G X and let 

0(lp)yj=i 

Then there exists a homeomorphism a G [[a]] such that the following conditions are satisfied. 

(1) k*Xo*(lc/)]o = Ko{[lu]o) in Ko{A) and [a*^xi*{'i-u)]i = «i([lc/]i) in Ki{A) for all U e Q. 

(2) For every U G Q\{R{Q)}, (T*Xi*i^u) is equivalent to crZxi*{Pl{iu)) in KiiA^^). 
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(3) ^-5 equivalent to /i^ in Ki{Axg)- 

Proof. We have to remark that (1) is automatically satisfied if we choose a in [[a]]. 

At first let us consider (3). Suppose that there exist a homeomorphism j : Y ^ X and a 
continuous map a; : y — > Z2 such that xo* and xi* are given by 

and 

xi*(/)(x) = (-ir"^"V(7-'(^)) 

for / G C(y, Z) and x E X. By Lemma 16.21 [g]i is the unique torsion element of Ki{B). Then 
must be [h^]i, because ki is an isomorphism. We already have [xi*(5')]i = in 
Ki{A). It follows that Xuio) is equivalent to (2n + l)h^ in Ki{Ax(^) for some n G Z. Choose 
tfo G and uq £ Y such that 0(^)1^,0 = 1 and i/q G Y{wo, h^wo)). We have two possibilities: 
w(yo) = or w(yo) = 1- We assume ui{yo) = 0. The other case can be dealt with in a similar 
fashion. We can find a clopen neighborhood O of yo so that O C y(tyo, /'-(i^'o)) and uj{y) = 
for all y £ O. By Lemma 16.31 we can find a clopen set O' C 7(0) such that Iq' is equivalent to 
n/i(^ in Ki{Axq). Besides, there exists a £ [[a]] such that (T*(1(9') = — lo' and (t(x) = x for all 
X ^ O'. Evidently we have cr*xi*(lc/) = Xi*(l(7) for all ?7 G Q \ {y(tyo, /i(tyo))}) because the 
support of a is contained in 7(y(tyo, /i(tyo)))- When [/ = Y{wo, h{wo)), for x G X, 

^;xi*(ly(«,o,M-o)))(^) = (1 - 21o'(^))(-l)"^^"^"^^ly(«,o,M-o))(7"'^"'(^))- 
Hence we have 

f^JXi*(ly(«)o,/i(wo))) = Xi*{'^Y{woMm))) ~ ^i-O'- 

It follows that 

o-*^xi*{9) = xuia) - 2I0', 

and this is equivalent to (2n + l)h^ — 2n/i^ = /i^ in Ki{Axq)- Thus (3) is achieved. 

Next, in order to achieve (2), we would like to further perturb (T*xi* obtained above. To 
simplify the notation, we write obtained above by xi*- Choose wq £ W arbitrarily. Put 

U = Y^wq, h{wo) — 1). Since o{ip) is constant on U, 

[xu{lu)]i = [xu{PUlu))]i. 

Therefore there exists m £ Z such that xi*(lf/) + 2m/i(^ is equivalent to Xi*(/?^(lc/)) in Ki{Axq). 
In a similar fashion to the argument in the preceding paragraph, we can find a £ [[a]] whose 
support is contained in 'y{U) and cr^Xui^u) is equivalent to Xi*{^u) + 2m/i^ in Ki{Axq). Hence 
we can conclude that ct*xi*(1c/) is equivalent to o"* xi*(/3^(ll/)) = XuiP^'^u)) in Ki^AxJ. 
By repeating this procedure, we can achieve the condition (2) finally. □ 

The following technical lemma plays a critical role in the proof of Theorem 16.91 

Lemma 6.5. There exists a homeomorphism a £ [[a]] such that the following conditions are 
satisfied. 

(a) For every U £ Q, we have a*a*xo*{iu) = (^*Xo*P*{'^u)- 

(b) For every U £ Q, we have q* fT*xi*(lc/) = o-^Xi*/3^(lc/)- 

Proof. Let xq G X. By using Lemma 16.41 we can perturb x '■ C{Y xT) ^ C{X x T) with an 
element of [[a]] so that the following are satisfied. 
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(1) [xo*(lf/)]o = Ko([lc/]o) in Ko{A) and [xi*(lc/)]i = m Ki{A) for all C/ G Q. 

(2) For every U G Q\{R{Q)}, Xi*(l[7) is equivalent to Xi*^^) in i^i(^xo)- 

(3) Xi*(5) is equivalent to in Ki{Axq). 

Suppose that there exist a homeomorphism 7 : F ^ X and a continuous map uj -.Y ^2,2 such 
that xo* and xi* are given by 

Xo*{f){x) = f{r\x)) 

and 

xi*(/)(^) = (-ir"'(^)/(7-H^)) 

for / G C(F,Z) and xeX. Let 

:P = {X{v, k) :v eV,k = l,2,..., h{v)} 

be a Kakutani-Rohlin partition for (X, a) such that the roof set RiV) contains xq. By choosing 
V sufficiently finer, we may assume the following. 

• W7~^ is constant on each clopen set belonging to V. 

• o{(p) is constant on each clopen set belonging to V. 

• j'~^{X{v,k)) is contained in some Y{w,l) G Q. 

Define u' G C{X,Z2) as follows. For x G R{V), put u;'{x) = iO'y-'^{x). If a; G X{v,k) and 
k ^ h{v), then put 

h{v)-l-k 

uj'{x)=u;j-\x)+ Yl o{^){a%x)). 

1=0 

We remark that u' is also constant on each clopen set of V. It is easy to see that 

K)'(")-'(xi.(Vh^M)))) = i-lf^'^WvMv)), 

where x is a point in X{v, k). For v £ V , w E W, I = 1,2, ... , h{w) and c G Z2, let us define a 
subset N{v, w, I, c) of {1,2,..., h{v)} by 

N{v, w,l,c)={k = 1,2,..., h{v) : X{v, k) C l{Y{w, l)),u'\x{v,k) = c}- 
Then, Xo*{1y(w,1)) is equivalent to 

^ (#iV(i;, u;, 1, 0) + #Ar(i;, u;, I, \))lx{y,h{y)) 

in iCo(^), and Xi*0-Y{w,l)) i^ equivalent to 

, 0) - #iV {v, w, I, l))lxiv,h{^)) 

vev 

in Ki{Axq). Hence, the conditions (1) and (2) above tell us that, by choosing V sufficiently 
finer, for every Y{w, Z) G Q \ {R{Q)} and v eV, we have 

#N{v, w, 1, 0) = #N{v, w,l + l, 0) and #N{v, w, 1, 1) = #N{v, w,l + l, 1) 
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if o{ilj)\Y{yj,i) = 0, and 

#N{v, w, 1, 0) = #N{v, w,l + l, 1) and #N{v, w, 1, 1) = #N{v, w,l + l, 0) 

if o{ijj)\Y(w,l) = 1- It follows that there exists a permutation 7r„ on {1, 2, ... , h{v)} such that the 
following holds: if 

7r„(/j) G N{v,w,l,c), 

k ^ h{v) and I ^ h{w), then 

Tr^{k + 1) G N{v, w,l + l,c + o(V')|y(^,;)). 
Moreover, by (3), we may also assume that, for every v & V, 

V #N{v,w,hiw),0)-#N{v,w,h{w),l) = r °J'^)- = ^ 

Therefore, we can make the permutation vTu so that the following hold: 

• If 7Tv{k) G N{v,w, h{w), c) and k / h{v), then 

TTy{k + 1) G Ar(i;, u;', 1, c + o{tp)\Y(^i,,h{w))) 

for some w' G W. 

• 'Ky{h{v)) G N{v,w,h{w),0) for some it; G VF. 
Notice that the latter condition implies 

'^'Ix(t;,7r4l)) = 0(V')|il(Q) + ^Mi; 

for all V G V. 

We define a G [[a]] by 

a{x) = a''-''-^''\x) 
for X G -^(f , TTy{k)). Then one can verify that 

7-V-^aa7(C/) = /3(?7) 

for all U G Q, which means (a). 
Define 61 : X ^ Z2 by 

6'(x) = a;7~^(x) + lo\x) + a;'(cr""^(ar)) 
for a; G X. Then it is easily verified that 

for every / G C(y, Z) and x e X. 

Let us check the condition (b). For every U e Q and x G X, we have 

(a;a;xi*)(lf/)(a(x)) = (c7;xi*)(lc/)(a;) 
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On the other hand, 

Kxi*^;)(lc/)(a(x)) = (-l)<'WI-(a;xi*)(l/3(c/))(a(x)) 

Since 'y~^a~^aa^{U) = P{U), ^~^a~^{x) belongs to U if and only if 'y~^a~^a{x) belongs to 
/?([/). Thus, it suffices to show 

o{ip)ix) + 9{x) = o{xIj)\u + 9{aix)) 

for X G aj{U). 

Let X G X{v,k). We would like to compute 9{a{x)) + o{ip){x) +9{x). Suppose k / h{v) and 
7r„(A;) G N{v,w,l,c). Then 

^(x) = u;7-^(x) + Lo'{x) + w'(a^''('=)-'=(x)) = a;7-i(x) + u}'{x) + c. 

By the construction of 7r„, we have 

7ry{k + 1) G iV(i;, u;, / + 1, c + o(V')|y(^,o) 

if Z 7^ /i(u^), and 

7r^(/c + 1) G iV(t;, ti;', 1, c + o(V')|y(^,/i(^))) 
for some G if / = h{w). In either case, we get 

9{a{x)) = u;^-\a{x)) + u;'{a{x)) + c + o(V')|y(^,o- 

It follows that 

9{a{x)) + o{ip){x) + 9{x) = o(V')|y(^,o- 
If A; = h{v), then q;(x) belongs to X{v', 1) for some v' G Since a;7~^(x) = u!'{x), we have 

6'(x) = Oo'\xiv,nv{hiv))) = 0. 

On the other hand, 

9{a{x)) = o{<f)y> - o{(p)\r^-p) +u;'\x{v',7v,,{i))- 
Together with o{ip){x) = o((^)|i^(p), we obtain 

9{a{x)) + o{ip){x) + 9{x) = o{(p)y> + uj'\x{v',7v^,{i)) = o{iP)r{q). 
Consequently we have 

9ia{x)) + o{ip)ix) + 9{x) = oi4;)\u 
for all ?7 G Q and x G a"f{U), which impHes the condition (b). □ 

Lemma 6.6. Suppose that both {X x T,a x ip) and {Y x T, P x ip) are rigid. For any finite 
subset T o/ C(F X T) and e > 0, there exist a unitary v & A, a homeomorphism 7 : Y — > X and 
a continuous map u :Y ^ Isom(T) such that 

\\v'i!{f)v* - / o (7 X < e 

for all j . 
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Proof. We may assume that is of the form = {Ijj : U G Q} U {z}, where Q is a clopen 
partition of Y. There exist a unitary vq E A and a homeomorphism jxp: YxT^XxT such 
that 

Wvo'fifK-foilxprH < 1/4 

for all f £ T. Put lo{x) = A°(^-), where A e Homeo(T) is given by X{t) = —t for t £ T. We can 
find a unitary vi £ A such that 

viVo'^{Iu)vqvI = 1[/ o (7 X u;)"^ = l^(^) 

for ah U £ Q. Note that 

[i;i7;o^'(zl;7)uo'u];]i = [zlu o (7 x 

in iiri(74) for all U £ Q. Since the system is rigid, every invariant measure is the product of 
a measure on the Cantor set and the Lebesgue measure on T. Hence, for every tracial state 
r £ T(A) and every n G Z \ {0} we have 

t{viVo^{z'^Iu)v*qvI) = 

and 

r(z"lc/ o (7 X uj)-'^) = 0. 

The tracial rank of lijAlu is zero, and so U{A)/CU{A) = U{A)/Uo{A). Therefore we can apply 
Corollarv 13.131 and get a unitary vu £ li/Alu such that 

\\vuviVo^izlu)vQvlvlj - zlu o (7 X ujy^W < e. 

Let V2 be the direct sum of all the vjj^s. Then v = V2V1V0 does the work. □ 

Lemma 6.7. Suppose that {X xT,ax if) and (Y xT,f3 x ip) are C* -strongly approximately 
conjugate. Let Q he a Kakutani-Rohlin partition of Y such that o{'ip) is constant on each clopen 
set of Q. For any e > 0, there exist a unitary v £ A, a homeomorphism 7Xa;:yxT^XxT 
and a continuous function ^ : y ^ T such that the following are satisfied. 

(1) \\v^if)v* - / o (7 X uj)-^\\ < e for all / G : C/ G Q} U {z}. 

(2) 7-ia7(C/) = (i{U) for all U £ Q. 

(3) Lp^(^y){uy{t)) = uj^-ia-i{y){'4'y{i)) + i{y) for all {y,t) £Y xT. 

Proof. We may assume that e is less than 1/4. Since {X xT,ax if) and (y x T, /5 x ^) are C*- 
strongly approximately conjugate, there exist a unitary vi and a homeomorphism 70 : 1" x T ^ 
X X T such that 

||t;i^(/K-/o7-i|| <e 

for all / G {1[/ : U £ Q} U {z}. From Lemma l6.6| we may assume that 70 arises from a cocycle 
with values in Isom(T). By Lemma 16.51 we obtain an element of the topological full group [[a]] 
which satisfies (a) and (b) in Lemma 16.51 There exists a unitary V2 £ A which corresponds to 
this element. Let (Tq G [[a x 93]] be the homeomorphism on X x T induced by V2. Then 

\\v2Vl'^{f)vlv2 - fo 7cr^Cro ^11 < £ 

for all / G {1(7 : f/ G Q} U {z}. Put v = V2V1 and 7x0; = (T070. The condition (a) of Lemma 
16.51 implies (2) directly. The condition (b) of Lemma 16.51 implies that, for every U £ Q, 

zlu o (7 X oj)^^ o (q X (p)~^ 
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and 

zlu o (/? X Ip)^'^ o (7 X Uj)~^ 

have the same Xi-class in Ki{C{X x T)). Since (p,oj and tp take their values in Isom(T), there 
must exist a continuous function ^ -.U such that 

for all (y, t)eU xT. □ 

Lemma 6.8. Suppose that (X x T, a x 93) is rigid. For any ^ G C{X,T), e > and a finite 
subset T C C{X x T), there exists a unitary w £ A such that 

\\vjM)v* - jaif o {id xR^)-')\\ < e 

for all f £ T . 

Proof. Consider the monomorphism A : C{X x T) — > j4 defined by A(/) = ja{f ° (id xR^)~^) 
for / G C{X X T). Then = [A] in KL{C{X x T),A). Since {X xT,ax (p) is rigid, every 
invariant measure has the form fi x m, where // is an a-invariant measure on X and m is the 
Lebesgue measure on T (see Lemma 4.4 of |LM2j '). Since m is invariant under rotations, for any 
r € T{A), we have 

T(ia(/))=r(A(/)) 

for all / £ C(X x T). Again, since {X x T,a x (p) is rigid, tracial rank of A is zero. Therefore 
U{A)/CU{A) = Ki{A). Thus, by Theorem 13.151 there is a unitary v £ A such that 

\\vjM)v* - Xif)\\ < e 

for all f £ J^. The proof is completed. □ 

Note that in the following statement, we do not assume that both systems are non-orientation 
preserving. 

Theorem 6.9. Suppose that {X xT,a x cp) and (Y xT,(3 x ^|J) are C* -strongly approximately 
flip conjugate and that both systems are minimal and rigid. Then there exist an isomorphism 
^ : B ^ A, a sequence of unitaries Vn £ A and a sequence of homeomorphisms cr„ : X x T ^ 
y X T such that the following conditions are satisfied. 

(1) lim„^oo||t'n^(/)< -foan\\=^for all f £C{YxT). 

(2) lim„^oo||/ o an{a x ^)a~^ - f o (3 x ^\\ = Q for all f £ C{Y x T). 

Proof. Let ^> : B ^ Ahe the isomorphism associated with the C* -strongly approximate conju- 
gacy. Take e > arbitrarily. Fix a finite subset C C(y x T). Without loss of generality, we 
may assume that J- = {lu : U £ Q} U {z} for some Kakutani-Rohlin partition 

Q = {Y{w, I) :w £W,1 <l < h{w)} 

for (Y, (3). It suffices to show that there exist a unitary v £ A and a homeomorphism a : X xT ^ 
Y xT such that 

\\v^{f)v* - foanW <e 

and 

||/ocT„(a X - fo{(3x ip)-^\\ < e 
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for all f e{lu --U eQ}U {z}. 

It follows from Lemma 2.4 and 2.5 of |LM2j that, if the system is orientation preserving, 
then Ki of the crossed product is torsion free, and if the system is not orientation preserving, 
then Ki must contain a torsion. Thus, we have two cases: both ax ip and (3 x ip are orientation 
preserving, or neither of them are so. 

Let us consider the non-orientation preserving case. By Lemma 16.71 we can find a unitary 
vi £ A, a. homeomorphism 7Xa':yxT^XxT and a continuous function ^ : y ^ T satisfying 
the following. 

• \\vi'^{f )vl - / o (7 X < e/2 for all / G {![/ : C/ G Q} U {z}. 

• -/-^a-f{U) = I3{U) for ah U e Q. 

• 937(2/) (wyW) = ^^7-ia7(y)(V'y(0) + Hv) for all {y,t) G y X T. 
By applying Lemma 6.2 of |LM2j to the continuous functions 

and o{ip) : X Z2, we obtain r] G C{X, T) such that 

+^(3;) _ (-l)°(^)Wr/(a(x))| < e. 

Then we have 

'Pl{y)i^yit) + Viliy))) 
= V.,(,)K(t)) + (-l)°(^)W^»7?(7(y)) 

^ W7-ia7(s,)(^s/(i)) + ^(a(7(y))) 

for all (y, t)GY xT. 

Hence, when we put o" = (7 x w)^^(id xi?^)"-^, one can check 

11/ o a{a X ipy^a-^ - f o {(3 x ^)~^\\ < e 

for all / G {1(7 : U G Q} U {z}. By applying the lemma above to r] and / o (7 x w)^^ for 
/ G {![/ : [/ G Q} U {z}, we can find a unitary u 2 G A such that 

lb2Wl*(/)t'tt^2 - / o cr|| < e 

for all / G {1(7 : f7 G Q} U {z}. Thus, we get the unitary v = V2V1. 

We now turn to the orientation preserving case. We may assume that and ip take their 
values in rotations on T. The isomorphism ^ induces a unital order isomorphism \I'^,o between 
Ko{A) ^ K^{X,a)®ZandKo{B) ^ K^{Y,l3)®Z. By the definition of C* -strongly approximate 
conjugacy, we see that the restriction of ^=fO on K^(Y, j3) gives a unital order isomorphism from 
K\Y, (5) onto K^{X, a). We can identify Ki{A) and Ki{B) with K^{X, a)®Z and K'^iY, /3)eZ 
respectively. Since both A and B have tracial rank zero, by jLlj. there exists an isomorphism 
^ : B ^ A such that <I>o* = ^0* and $1* = k © id. 

By (LMl] Theorem 5.4] or |M2l Theorem 3.4], there exists a homeomorphism j : Y ^ X 
such that 7~^a7(C/) = P{U) for every U £ Q and k([1[/]) = [l7([/)] for every clopen subset U of 
Y. Define a continuous function ^ : y ^ T by 

e(2/) = (P7(,)(o)-^,(o) 
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for all y G Y. By applying jLM2l Lemma 6.1] to the continuous function ^ : X ^ T, we 

obtain rj & C {X, T) such that 

|^(7~^(x)) + T]{x) - r/(a(x))| < e 

for all X G X. Then we have 

vhiy)) + ^yiy)io) = viiiy)) + Civ) + M^) ^ M^) + ^(a(7(y))) 

for all y £Y. Therefore, when we put cr = (7 x R^)~^, one can check 

11/ o a{a X ^y^a-^ - / o (/? x < e 

for all / G {![/ : [/ G Q} U {z}. It is easily verified that ^>o*([l{/]) = [lu ° cr] in i^o(^) and 
<I>i*([zl(7]) = [zlu o cr] in i^i(A) for each clopen subset U of Y. By a similar argument to the 
proof of Lemma 16.61 we can find a unitary v £ A such that 

\\v^{f)v* - f oa\\ < e 

for finitely many / G C(y x T), thereby completing the proof. □ 

7 Approximate iC-conjugacy for minimal rigid systems 

The purpose of this section is to present a X-theoretical condition for which two minimal systems 
(X xT,ax ip) and (Y x T , f3 x ip) are approximately iC-conjugate. 
We first start with the following definition. 

Definition 7.1. Let {X,a) and {Y, (3) be dynamical systems and put A = C*{X,a) and 
B = C*{Y,(3). We say that {X,a) and {Y, f3) are approximately iC-conjugate if there are 
homeomorphisms an ■ X ^ Y and jn -Y ^ X such that 

lim ll^f o cr„ o a o — g o p\\ = for all g G C{Y), 

n— +00 

lim 11/ o 7„ o /3 o 7-1 - / o all = for all / G C{X), 

n— >oo 

and there are isomorphisms ipn '■ B ^ A and ipn '■ A ^ B such that 

lim WJisif o 7n) - y^n{ja{f))\\ = and lim \\ja{g o a^) - i^nUfiigM = 

n— »oo n^oo 

for all / G C{X) and g G C{Y). Moreover, there exists k G KL{A, B) and an isomorphism 

k : iKoiA),KoiA)+,[lA],KiiA),TiA)) ^ {Ko{B),Ko{BU,[1b],Ki{B),T{B)) 
such that K induces k on i('=K(74), [(/?„] = k and [^„] = k^^. 

Remark 7.2. Several remarks about the approximate X-conjugacy are in order. 

First, if a and (3 are actually conjugate, then there exists a homeomorphism a : X ^ Y 
such that a o ao a-^ = (3. Define ^{Y.-L<j<L fj'^^'^) = T.-L<j<Lfj ° ^"^^^ fj ^ C{X), 
—L < j < L. It is clear that $ gives an isomorphism from A onto B. Therefore certainly that a 
and (3 are conjugate implies that they are approximately -R'-conjugate. 

Second, when TR{A) = TR{B) = (as the case that we study in this section), one 
only needs to require that k induces an order isomorphism: {Ko{A), Kq{A)+,[1a], Ki{A)) — > 
{K,{B),Ko{B)+,[1b],Ki{B)). 
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Third, if we simply require that g o an° olo g o (3 and / o 7^ o /? o 7"-^ f o a for all 

/ G C{X) and g E C{Y), then {cTn} and {7n} may have no consistent information. In fact, it 
was shown in |LMlj that this requirements are too weaker to be interesting enough in general. 
For example, given a projection p G C{Y), we certainly wish that [ja{p° o"n)] eventually gives 
the same element in Kq{A). These iC-theoretical consistency on the maps (T„ eventually leads 
to the above definition. The reader may notice that when Ki{A), Ki{B), Ki{C{X)), Ki{C{Y)) 
{i = 0, 1) are torsion free (and X and Y are connected). Definition 17. II can be greatly simplified 
further. 

Theorem 7.3. Let X and Y be the Cantor sets and let {X x T,a x (p) and (Y x T, (3 x ip) be 
two minimal rigid systems. Let A = C*{X xT,a x ip) and B = C* {Y x T, fi x ip). Suppose that 
'■Pxj'Py & Isom(T) for each x G X and y (zY. Then the following are equivalent. 

(1) {X xT,a X (f) and {Y xT,l3 x ^p) are approximately K -conjugate; 

(2) There exists an isomorphism 

K : {Ko{A),Ko{A)+,[Ia],Ki{A)) ^ {Ko{B), Ko{B)+,[Ib], Ki{B)), 

and sequences of isomorphisms Xn ■ C{X xT) C(Y xT) and x'n '■ C{Y xT) C{X xT) 
such that, for every finitely generated subgroups Gi C Ki{C{X x T)) and Fi C Ki{C{Y x 
T)), 

K o (ja)*|G, = o Xn)*\G, and K ^ o {jp)^\F, = {ja o Xn)*l-Fi 
for i = 0, 1 and all sufficiently large n; 

(3) There exists an isomorphism ^ : B ^ A, sequences of unitaries {un} C A, {vn} C B and 
sequences of homeomorphisms an ■ X x T ^ Y x T and 7„:yxT^XxT such that 

lim \\Un^{jl3{g))u*„ - ja{g o = 

n— >oo 

and 

lim ll^ o o-„ o (a X v^) o - g o {(] x ■ip)\\ = 

n— >oo 

for all g G C{Y x T), and 

lim \\Vn<^~HjM)yn-jpif°ln)\\=0 

n— >oo 

and 

lim 11/ o 7„ o (/3 X V) o 7~^ - / o (a X 99)11 = 

n— >oo 

for all f £ C{X x T). 

Proof. (1)=^(2). This can be verified directly from Definition 17. II 

(2)=^(3). We first note that, either both Ki{A) and Ki{B) are torsion free or both has 
torsion. By Lemma 2.4 and 2.5 of [LM2] . we note that either both a x (p and P x ip are 
orientation preserving or both are non-orientation preserving. 

It follows from Corollarv 15 . 61 that TR(A) = TR{B) = 0. It then follows from jLlj that there 
exists an isomorphism ^ : A ^ B such that $ induces k. Define S„ : C{X x T) B hy 

if) — j/3 ° Xnif)- Then, by the assumption, one has, for each finitely generated subgroup 
GiCK,{C{X xT)) (i = 0,l), 

{'^°ja)*\G, = (Sn)*|Gi 
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for all sufficiently large n. Let Pq be a set of projections in C{X x T) which generates Gq. Thus, 
for any projection p G Pq, [$ o jaip)] = [^n{p)]- In particular, for any r G T{B), 

rmjaip)) = t(S„(p)). 

Since both systems are rigid and (px,il^y G Isom(T), each invariant measure has the form ij,x m, 
where m is the normalized Lebesgue measure on T. It follows that 

rmjaim = lim t(S„(/)) 

n— »oo 

for all / G C{X x T) and r G T{B). Note in the case that TR{B) = U{B)/CU{B) = 
U{B)/Uo{B) = Ki{B). Thus, by applying Corollary 1,3. 16| we obtain a sequence of unitaries 
Wn & U (B) such that 

lim \\WnHja{f))w*^-jfSOXn{f)\\=0 
n— >oo 

for all / G C {X x T) . Exactly the same argument gives a sequence of unitaries Vn & B such that 

lim \\Vn<^-\jp{g))vl-ja o X'nif)\\ = 
n^oo 

for all (7 G C(y X T). It follows from Theorem 16.91 that (3) holds. 
(3)=^(1). This is immediate. 

□ 

Remark 7.4. Consider the case that both axip and Pxtjj are orientation preserving. It follows 
from ;LM2t Lemma 2.4] that Ki{A) = K'^{X,a) © Z and Ki{B) = © Z for i = 0,1. 

Moreover, the embedding K^{X,a) Kq{A) is an order isomorphism. Suppose that there 
exists an isomorphism 

K : {Ko{A),Ko{A)+, [U]) ^ {Ko{B), Ko{B)+, [1b]) 

such that kq o (j„)^o maps Ko(C(X x T)) ^ ifo(C(X)) onto {jp)*oiKo{C{Y x T))). Thus, the 
restriction of kq to K^{X,a) C -fro(^) gives a unital order isomorphism. Then, by Theorem 
2.6 of |LMlj . one has an isomorphism A : C{X) C{Y) such that (j/3)*o ° A*o = k o {ja)*o- 
Note that, in the orientation preserving case, we have Ki{A) = Kq{A) and Ki{B) = Kq{B). 
Define x = A x id. Then it follows that k o {ja)*i = {jf3 o x)*i for i = 0, 1. One also has 
1^'^ o {ji3)*i = {ja o X~^)*i for i = 0,l. 

Thus axip and /? x ■0 are assumed to preserve the orientation, Theorem [721 can be replaced 
by the following corollary. 

Corollary 7.5. Let X and Y be the Cantor sets and let {X x T,a x ip) and {Y xT, P x tp) be 
two minimal rigid systems. Suppose that (pxjil^y are rotations for each x £ X and y G Y. Let 
A = C*{X X T, a X (/?) and B = C*{Y x T, [3 x ip). Then the following are equivalent. 

(1) {X xT,a X if) and (Y xT,f3 x ^) are approximately K -conjugate; 

(2) There is an isomorphism 

k:{Ko{A),Ko{A)+,[1a]) ^ {Ko{B),Ko{B)+,[1b],) 
such that Ko maps {ja)*iKo{C{X x T))) onto {jp)^{KQ{C{Y x T))); 
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(3) There exists an isomorphism ^ : B ^ A, sequences of unitaries {un} C A, {vn} C B and 
sequences of homeomorphisms an '■ X x T ^ Y x T and 7„:yxT^XxT such that 



lim \\un^{ji3{g))ul - ja{9 ° crn)\\ = 



and 



lim \\g o an o (a X (p) o - g o (p X =0 

n—^oo 

for all g G C{Y x T), and 

lim \\Vn'^-\jM)K-jp{fo7n)\\=0 
n—>oo 

and 

lim 11/ o 7„ o (/3 X V) o - / o (a X (^)ll = 

n— >oo 

for all f G C{X x T). 

Remark 7.6. Let {X,a) and (1", /3) be two minimal dynamical systems and let A = C*{X,a) 
and B = C*{Y, (3). Let an '■ X ^ Y and 7„ : y ^ X be homeomorphisms such that 



and 



lim \\g o an o a o a^^ — g ' 



lim ||/o7„o^o7„i - / o 











for all / G C{X) and g G C{Y). In Definition 17.11 we required that there exist isomorphisms 
which satisfy other requirements. 

However, since A and B are nuclear, as in Proposition 3.2 of |LMlj . there are sequential 
morphisms ipn '■ B ^ A and ipn '■ A ^ B such that 



and 



lim 

n— >oo 



lim 







0, 



where fi G C{X) and gi G C(y). Unfortunately, in general, {^Pn} and {V'n} do not give 
isomorphisms (not even homomorphisms) . 

Suppose that, for any projection p £ A and any unitary w G A, we have [¥?n(p)] = [v'mCp)] 
and [ipn{w) = [ipm{w)] for all sufficiently large n and m. Also assume that {'Pn} induces an order 
isomorphism kq : Kq{A) Kq{B) and an isomorphism ki : Ki{A) Ki{B). If we assume that 
TR{A) = TR{B) = 0, then it follows from |LT] that there is an isomorphism ^ : A ^ B such 
that = for i = 0, 1. Suppose also that, for each projection q £ B and each unitary v G B, 
we have ['0n(?)] = bPmiQ)] and [^n('y)] = [V'm('i^)] for all sufficiently large n and m. Then, from 
VnUaif)) - jpif o 7n) ^ and ipnUpig)) " jaig ° cFn) ^ 0, One sees that, for every finitely 
generated subgroups G^ C Ki{C{X x T)) and Fi C K,{C{Y x T)), 



a)*i\Gi 



(j/3 o ln)*i\Gi and ^ o {jp)^i\F, = {ja o (yn)*i\F, 



for i = 0, 1. 



Therefore we have the following proposition which also explains why we choose the term 
approximately A'-conjugacy. 
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Proposition 7.7. Let X and Y be the Cantor sets and let {X xT,a x ip) and {Y x T, P x ip) 

be two minimal rigid systems. Suppose that (fx and tpy are in Isom(T) for each x & X and 
y eY. Denote A = C*{X x T,a x 99) and B = C*{Y x T,/5 x V). Then, a x and P x ip are 
approximately K -conjugate if the following hold: 

(1) There are homeomorphisms an : X ^ Y and 7„ : K ^ X such that 

lim ||c/ o cr„ o a o cr^^ - 5- o f3\\ = 

n—>oo 

and 

lim 11/ o 7„ o /3 o 7-^ - / o all = 

for all f G C{X) and g G C{Y). Suppose that ■ A ^ B and ■ B ^ A are the 
sequential morphisms induced by and {jn} cls defined in Remark \ 7. 6] 

(2) For any projection p £ A and unitary v £ A, [<I>„(p)] = [<I>m(p)] and [<I>„(f )] = for 
all sufficiently large n and m, and {^n} gives a unital order isomorphism Ki : Ki(A) — > 
Ki{B), and 

(3) for any projection q £ B and unitary w £ B, [^n{Q)] = [^771(9)] and [^niw)] = [^m{w)] 
for all sufficiently large n and m, and {^n} gives k^^ {i = 0, 1). 



8 Examples 

In this section, we will give two examples. One example shows that two minimal systems 
are approximately ivT-conjugate but not flip conjugate. Another example shows that there are 
minimal systems whose associated crossed products are isomorphic as C*-algebras (and they are 
weakly approximately conjugate) but they are not approximately K-conjugate. 

Example 8.1. Let {Y, j3) be the odometer system of type 5°°. Let (X, q) be the Cantor minimal 
system described by Figure 2 in |M1[ Section 7]. Since both K^{X,a) and K^{Y,[5) are unital 
order isomorphic to (Z[l/5], Z[l/5]+, 1), they are strong orbit equivalent. But, they are not flip 
conjugate. Define c : X — > Z2 by c{x) = 1 for aW. x £ X. Then [c] is a nontrivial element of 
K^{X, q) — As explained in |M1[ Section 7], the skew product extension {X x Z2, a x c) 
is a Cantor minimal system and K^{X x Z2,a x c) is also isomorphic to Z[l/5]. Besides, the 
canonical inclusion map K^{X,a) into K^{X x Z2,a x c) is given by r i-^^ 2r. Thus, we have 

K^{X X Z2,a X c)/K^{X,a) ^ Z2. 

Notice that, if we replace (X, a) with (y, we obtain exactly the same conclusion. 

Let ^ : X and C : y — > T be continuous functions and put (fx = R((x)'^ aiid ipy = Rc;(y)^ 
for all X G X and y £ Y, where A G Homeo(T) is defined by A(i) = —t. Suppose that a x ip and 
Pxip are minimal and rigid. We denote A = C*{XxT,aX(p) and B = C* {Y xT , P xijj) . It follows 
from Corollarv 15.61 that both A and B have tracial rank zero. By Lemma 2.5 of |LM2j . Kq{A) 
and Ko{B) are unital order isomorphic to K°{X,a) ^ K^{Y,P), and Ki{A) ^ Ki{B) ^ 20^2. 
Therefore A is isomorphic to B. We remark that [zlu] is nonzero in the -fCi-group if and only 
if [lu] is not 2-divisible in the Ko-group. 

Since K^{X,a) is unital order isomorphic to K^{Y,P), there exists an isomorphism p : 
C{X) — > C{Y) which achieves the order isomorphism K^{X,a) = K^{Y,P), that is, [lu] 1— > 
[/o(l[/)] gives the order isomorphism. (See [^11, Theorem 2.6 (3)] for example. Although we 
only constructed an order isomorphism from C{X,Z) to C{Y,7j) there, it can be extended to 
the isomorphism p.) Then, we can check the condition (2) of Theorem 17.31 and conclude that 
a X if and P x tp are approximately -fC-conjugate. But, they are not flip conjugate because a is 
not flip conjugate to p. 
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To present examples of two minimal rigid systems whose associated crossed products are 
isomorphic but they are not approximately JC-conjugate, by applying 17.31 and by applying the 
classification of unital simple separable amenable C*-algebras with tracial rank zero, one only 
needs to construct two systems whose ii'-theory of the associated crossed products are unital 
order isomorphic but no Xn makes the following diagram 



(i/3). 



K,{C{X X T)) K,{C{Y X T)) 

commute (locally). In the orientation preserving cases, such examples have been given ( jLM2| 
Example 9.2]). In what follows, we construct two non-orientation preserving minimal rigid 
systems whose crossed products are isomorphic but they are not approximately A'-conjugate. 
Besides, we construct them so that they are also weakly approximately conjugate. 

Example 8.2. Let ^i, ^2 G (0, 1) be two irrational numbers which are linearly independent over 
Q. By cutting T at n9i and 62 + n9i for every n E Z, we get a Cantor set X. Let us denote the 
^i-rotation on X by a. Then {X,a) is a Cantor minimal system and K^{X,a) is unital order 
isomorphic to 

(Z + ZOi + Z92, (Z + ZOi + Z92)+, 1). 

By cutting T at n92 and 9i + n92 for every n G Z, we get another Cantor set Y. Let us denote 
the 02-rotation on Y by /3. Then {Y, f3) is also a Cantor minimal system and K^(Y,(3) is unital 
order isomorphic to K^{X,a). Hence {X,a) and {Y,P) are strong orbit equivalent. 

Let U G X he a clopen subset corresponding to [0, 9i). Define a continuous function c : X ^ 
Z2 by c(x) = 1 if and only if x G C/. The skew product extension (X x Z2, a x c) is a Cantor 
minimal system. By the computation in (2) of |Mll Section 7], we see that K^(X x Z2,a x c) 
is isomorphic to and 

K^{X X Z2,a X c)/K°{X, a) ^ Z2 eZ^. 

Let ^ : X — > T be a continuous function and put ipx = R^(x)^^^^^ ^or all x £ X. Suppose that 
a X (p is minimal and rigid. Denote A = C*{X x T, a x (p). By Lemma 2.5 of |LM2j . we have 
Ko{A) ^ K'^iX, a) and Ki{A) ^ Z Z2 Z^. 

Let V C Y he a clopen subset corresponding to [0, ^2)- By the same way as in the preceding 
paragraph, we consider a minimal rigid homeomorphism (5 x ip such that o{ip){y) = 1 if and 
only \i y e V. We write i? = C*(y x T, /? x ^). By Lemma 2.5 of L.\I2 . we also have 
Kq{B) ^ K^{Y, j3) and Ki{B) ^ Z © Z2 Z^. It follows from Corollary El that both A and B 
have tracial rank zero. Hence A and B are isomorphic. 

It can be easily seen that PS{a) = PS{0) = PS{a x o{ip)) = PS{(3 x o{7p)) = {1}, where 
PS{-) denotes the set of periodic spectrum. Therefore, from Corollary 4.10 of |M2j . a x ip and 
P X ip are weakly approximately conjugate. 

Nevertheless, we would like to show that axcp and /5 x -0 are not approximately -R'-conjugate. 
As in Section 6, we identify Ki{C{X x T)) and Ki{C{Y x T)) with C{X,Z) and C{Y,Z) for 
each i = 0, 1. Note that, as explained in Section 6, lu is a representative of the unique torsion 
element of Coker(id — a* ) C Ki{A) and ly is a representative of the unique torsion element of 
Coker(id-/3;) cKi(S). 

Assume that ax ip and (3 xip are approximately i^-conjugate. We will show a contradiction. 
By Theorem 17.31 there exist isomorphisms 

K : {Ko{A),KoiA)+,[lA],K,iA)) ^ {Ko{B), Ko{B)+,[1b], K,{B)) 
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and X ■ C{X X T) -> C{Y x T) such that 

«0 o (ia)o*(l!7) = o X)0*(l!7) 

and 

Kl o (ia)l*(li7) = 0> o X)i*(l[7). 
Since lu and are representatives of unique torsion elements in the ii'i-groups, we must have 

Hi ° (ja)l*(lc/) = (j/3 o X)l*(li7) = (j/3)l*(ly), 

which imphes 

-ly G Coker(id -/?;). 
It follows that there exists h :¥ —>■ Z such that 

Xu{iu)-lv = h-p;{h). 

Note that xi*(/) - Xo*(/) belongs to 2C{Y,Z) for all / G Hence 

Xo*(lf/) - ly G /i - (3;{h) + 2C{Y,Z). 
It is easy to see that P^{g) — P*{g) belongs to 2C{Y,Z) for all g G C{Y,Z), and so we get 

Xo*(lc/) - ly G /i - r (/i) + 2C(y,Z). 

On the other hand, 

Kq o (ja)o*(li7) = [jp ° X)o*(lc/) 

is equal to 

01 e Z + Z^i + = i^o(5), 

because kq is a unital order isomorphism. But, ly corresponds to 02 in i^^o(-B). It follows that 
Xo*(l!7) — ly does not belong to 2Ko{B). In other words, there does not exist h -.Y ^ Z such 
that 

Xo*(lc/) -lveh-(3*{h) + 2C{Y, Z), 

which is a contradiction. 
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